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PREFACE. 



The subject of this Essay was prescribed in tlie following 
terms by the Examiners : 

THE ADAMS PRIZE. 
A determination of the circumstances under which disconti- 
nuity of any kind presents itself in the solution of a problem of 
maximum or minimum in the Calculus of Variations, and applica- 
tions to particulai- instances. 

It is expected that tlie discussion of the instances should be 
exemplified as far as possible geometrically, and that attention be 
especially directed to cases of real or supposed failure of the 
Calculus, 

E. Atkinson, Vice- Chancellor. 

J. Challis. 

A. Catlet. 

J. Clebk Maxwell. 

GUItl COLLEOG LODOB, 

Apnl ai, 1869. 

It waa after much hesitation that I resolved to discuss the 
subject ; the fact that it had given rise to some controversy, how- 
ever, naturally led me to enforce what I believed to be the correct 
and adequate explanation of the diflScultiea which had been 
raised. 

The Essay then is mainly devoted to the consideration of 
discontinuous solutions ; but incidentally various other questions 
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in the Calculus of Variations are examined and I think elucidated. 
I entertain no doubt of the substantial accuracy of the theory 
here developed ; but at the same time T am aware that in an 
extensive investigation, which is original and somewhat abstruse, 
there may be a few subordinate statements which requite to be 
restricted or corrected. I indulge the hope, however, that on the 
whole I shall have definitely contributed to the extension and the 
improvement of our knowledge of this refined department of 



The Essay is published as it was originally written ; with 
the exception of the mistakes in algebraical work which occur 
occasionally in manuscript, but are rendered evident in the clearer 
form of print. Also a few references have been supplied, and 
some short remarks, chiefly on passages to which attention had 
been drawn by the Examiners : these slight additions are enclosed 
within square brackets. 

The laborious task of correcting the press has been undertaken 
for me by my friend the Rev. J. Sephton; and as on other 
occasions I am much indebted to him for thus aiding me with hia 
knowledge and accuracy. 

I. TODHUNTER. 
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CHAPTER I. 



MAXIMUM OR MINIMUM OF AN INTEGRAL WHICH INVOLVES ONLY 
ONE DIFFERENTIAL COEFFICIENT. 



1. In order to arrive at a knowledge of the circumstances 
under which discontinuity occurs in problems of the Calculus of 
Variations we shall discuss various problems, beginning with some 
which are extremely simple. We shall fiud that speakii^ gene- 
rally discontinuity is introduced by virtue of some restriction 
which we impose, either explicitly or implicitly, in the statement 
of the problems which we propose to solve. 

We do not define the word discontinuity; but we shall always 
make it obvious in what sense we use it as we proceed- 
In our investigations we shall never ascribe any variation to 
the independent variable but only to the dependent variable : in 
this respect we follow the ■practice of some of the most eminent 
authorities on the subject. 

[Although a preference is thus expressed for the method of 
treating the Calculus of Variations which has been adopted by 
Strauch and Jellett, yet it must not be supposed that this is of 
importance for the following pages. The results are not affected 
by this circumstance, although the investigations are rendered in 
some cases more simple and intelligible than they would otherwise 
have been.] 
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MAXIMUM OR MINIMUM OF AN INTEGRAL 

r -j" ; and let ^ {p) denote a given func- 
tion of p: required the curve for which the integral \if>{p)da; 
taken between fixed limits is a maximuni or a minimum. 

Let 1 
inclusive, 



; w= l0(p)(?a;, then, as far as terms of the second order 



S».J|f(p)Sp+f(p)<|)^|ix 



-fW 8y+/{-%^*'(y)+*"(y)-%^}& 

Then we require by the usual theory 
therefore ^' { ^) = constant 



The term outside the integral sign in the value of Bu vanishes, 
ace the extreme points of the curve are supposed to be fixed. 



Thus lu reduces to ^ f'i>"{p){^py^'>^- 

From (1) we obtain constant values of p; for any such value 
ifi" {p) if it does not vanish will be permanently positive or perma- 
nently negative throughout the limits of the integration ; thus in 
the former case we have a minimum value of the integral, and in 
the latter case a maximum value. 

3. We may remark here that it is very important to avoid the 
common error of using the words the greatest value when we ought 
to restrict ourselves to the words a maximum, value, and the words 
the least value when we ought to restrict ourselves to the words a 
minimum value. In the present essay we shall use the words 
greatest and hast, and other similar terms, only when they are 
BtricUy applicable. 

4. Now return to equation (1). The required cur\'e must be 
rectilinear ; as the extreme points are given the value of ^ is 
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WHICH INVOLVES ONLY ONE DIFFERENTIAL COEFFICIENT. 3 

known : thus the value of the constant in (1) is determined. 
Therefore we have apparently only one solution, which furnishes 
a maximum or a minimum according as <^"(p) is negative or 
positive. 

But a Httle consideration shews that it is quite possible to have 
cases of the problem which require another solution- For instance 
'fi'ip) may be negative for the known value of p, and yet it may 
be obvious that there must he some line straight or curved for 
which the integral has its least value ; in fact such a statement 
must in general be true for any form of the function (f>. 

5. We may naturally ask then if the constant in (1) must 
necessarily have the same value throughout the limits of integra- 
tion. Suppose, if possible, that 4> {p) is equal to C, for one part 
of the required line, and equal to C^ for the remaining part. Then 
the integrated term tft {p) By would introduce into 8w the terms 
G,Sy and C^Sy vntk opposite signs at the point of the required line 
corresponding to the change from 0, to (7,. Thus C, and C, not 
being equal Sw will not vanish to the first order ; and therefore we 
do not obtain a solution of the problem. 

6. But we see from this that there is nothing to prevent us 
from having a solution made up of more than one straight liiw, 
corresponding to different values oi p found from the equation 

*'(rt = o (2). 

Every condition of the problem may then be satisfied ; at least in 
many cases. 

Thus suppose we take two values^, and j)^ found from (2), and 
draw the corresponding straight lines, one through one of the given 
points, and the other through the other given point. Then if 
i'"(Pi) ^^^ ^"(Pt) ^^^ both negative we obtain a maximum; and 
if ^"(Pi) and ^"{p^ are both positive we obtain a minimum. 
But if ^" (Pi) and <f)" {p,) are of opposite signs we do not obtain 
either a maximum or a minimum. For 5u reduces to 

I f (ft) /(Sp)'<ii: + 1 *" M IW'l':, 
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4 ■ MAXIMUM OR MINIMUM OF AN INTEGRAL 

where each integral extends between the limits of x which belong 
to the corresponding value of ^. We may suppose Zp to vanish if 
we please through one of the two portions into which our integral 
ia divided : thus in this way we can make hi have which sign we 
please ; and therefore with these values of p there is neither a 
a miniraiira. 



[Instead of taking ^'(y) =0 the more general form ^'(p) = C 
ought to have been taken ; for this may lead to discontinuous solu- 
tions by furnishing different values of ^. The discontinuity would 
be like that illustrated in Art. 9.] 

Let U9 now take some partricular cases. 

7. I. Suppose ^(p)=^p{l^p^). 

Then ^'(p) = l+3/, ^'{p)=Qp. 

Here if)'{p) cannot vanish. The only solution is the straight 
line which joins the two given points ; and this makes the integral 
a minimum : for we may suppose that p is positive. Moreover as 
there must be a hast value of the integral in this case, it ia certain 
that the minimum value which we have obtained is the least 
value. 

No maximum presents itself in this caae. In fact we can 

make I ^ [p) dx as large as we please. Thus in the diagram let A 



and B be &e given points ; take A for the origin, and from B 
draw BC perpendicular to the axis of x. Then ^ {p) vanishes 
along AC, and is infinite along BG; and we can draw a curve 
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WHICH INVOLVES ONLY ONE DIFFERENTIAL COEFFICIENT. 5 

very near to AC and GB for which | ^ {p) dx will be as great as 

we pleaae. But we do not obtain a inaximum. in the technical 
sense of that word. We can indeed get a greater result by 
making our cuiTe go helov) A 0. 

Difficulties might be suggested as to this case. For as x does 

«oi vary along OB it might be said that J ^ {p) dx along GB must 

vanish, since the limits of the integration coincide. If however 

we transform | p (1 +p') dx into I dy (1 +^') we obtain an integral 

in which the limits do not coincide. 

8. 11. Suppose 0(^) = — 2__ and that the straight line 

which joins the fixed points makes with the axis of x an angle 
less than 60°. 

Here the straight line which joins the two given points cor- 
responds to a maximum, for we may suppose that p is positive. 

When 4,' (p) = we have p=±l; and these two values give 
opposite signs to <)>"{p), so that we do not obtain either a maxi- 
mum or a minimum by combining these two straight lines. 

But p = <x is also a solution of <!>' {p) = 0; and it will be found 
that by combining j) = 1 with p = «; we obtain a maximum, and in 
fact the greatest value of the proposed integral. 

No minimum presents itself in this case. In fact we can 
make (tf>{p)dx as small as we please. For taking the diagram 
of the preceding Article we have ^{p) vanishing along ^C and 
CB: and we can draw a curve very near to AG and CB for 
which [0 (p) dx will be as small' as we please. But we do not 

obtain a minimum in the techmcal sense of the word ; the integral 
canbeinade.tochangesignas.it passes through iiero. _ - 
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MAXIMUM OR MINIMUM OF AN INTEGRAL 



9. III. Suppose ^(p)-S" -" 



"4- 



Then i}>'(p) =p{j>^ - 



f'(y)=3/- 



Here the straight line which joins the two given points cor- 
responds to a maximum or a minimum according as the value 

of ^* ia less or greater than -5-. 

The solution made up of the two straight lines AG and BG 
which are determined hy p=±a corr^ponds to a minimum. 

Or we may form a solution by comhining more than two 
straight lines, if for every one of them p' = a*, so that p = + cs. 
The value of tlie integral is the same whatever he the number 
of tacks comprised in the solution. 

In continuing the discussion we will for simplicity put a=l. 




Then in this example if the angle between SA and Ax ia 
greater than 30", we get a minimum either by the straight line 
from ji to 5 or by a tack. We may remark in passing that it 
is rare to obtain two miniAm "solutions of a ^blem in the CM- 



, Google 



WHICH INVOLVES ONLY ONE DIFFERENTIAL COEFFICIENT. 7 

cuius of Variations, or rather has been hitherto rare : we shall 
see other examples. To determioe which of these two corre- 
sponds to the less result we muBt determine whether 6'——+*^- 

2 4 

ia greater or less than 6'-- + -, that is whether p* - 2p' + 1 
is greater or less than 0; it is ohvious that (p*— 1)' ia greater 
than : hence the value of the integral is less for the solution 
with the tiick than for the solution which consists of one straight 
line. 

AVe may put <f> (p) in this form 

and then it ia obvious that the least value oi l<fi(p)da! is 
always obtained by supposing p' = 1, 

If the angle between BA and Ax is less than 30° there is only 
one minimum solution, namely that with the tack. 

No maximum presents itself except in the case in which the 
angle between BA and Ax is Jess than 30". 

10, Id the preceding Article the straight lines which form 
the tucks are equally inclined to the axis of a; : but this need not 
necessarily be the case in other examples See Art, 8, 

If the equation ^'(p) = furnishes us with roots numerically 
unequal we may have straight lines forming tacks which are not 
equally inclined to the axis of x. This plurality of solutions is 
well illustrated hereafter in the solid of minimum resistance with 
a given surface. 

If ^ {p) is always positive and finite and cannot vanish, 

\^{p)dx must be susceptible of a minimum value. Suppose 

that ^'(m) =0 and that 4'"{^) ^'^ negative, then p = m does not 
give us a minimum. In this case the equation ^'(j') = must 
have two other roots besides m, one greater and one less than in. 
This is easily lUustJ-ated geometrically, supposing p the abscissa 
and ^ [p) the corresponding ordinate of a curve. 
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8 MAXIMUM OR MINIMUM OF AN INTEGRAL 

The point M is that which corresponds to <j>' {m) = and ^" (m) 
negative. It may happen, as in the lower diagram, that p= ± « 
for the other roots of ^'{p) =0. 




11. Thus we see that the discontinuity which occurs in some 
cases of the problem of making (0 (p) dx a maximum or a mini- 
mum is that of two or more straight hnes meeting at an angle. 

12. A particular case of this problem has heea considered in a 
paper on the Brachistochronoua Course of a Skip : see Philoso- 
phical Magazine for January 1834, pages 33.. .36. This paper is 
I believe the first in which the interesting kind of discontinuity 
we are here consideriBg was noticed ; other kinds of discontinuity 
had already been discussed, as for instance some by Legendre. 

We may suppose the axis of x to coincide with the direction of 
the wind. The velocity of a ship may be supposed to be a func- 
iion of the tangent of the angle which the direction of the ship's 
course makes with the direction of the wind ; and from the nature 
of the case this function must be an even function, so that we may 
denote it by f(p')- Thus we require the minimum value of the 
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WHICH INVOLVES OHLY ONE DIFFERENTIAL COEFFICIENT. 

yq-t 



integral I- 



/{?■) 



- dx, the limits being supposed fixed. 



Put ^ (p) for ^YT? • ""'" "° S'' 



''(!>) =i>' 



/-2(l+p-)/' 



where ^ _/", and f" are used for brevity instead of /(p"), f'{p^, 
imdf'ip'). 

13. We may observe that /(p') wiil in general involve radi- 
cals with ambiguities of aigna; for the velocity will not be the 
same for two angles between the ship's course and the direction of 
the wind which are supplemental, although p" will have the same 
value for the two angles. Suppose, for example, that the velocity 
varies as the square of the cosine of half the angle between the 
ship's course and the direction of the wind ; then /{p"} varies as 

I ± -775 « where the upper or the lower siffn must be taken 

V(l +2>) ^ 

according as the angle between the ship's course and the direc- 
tion towards which the wind blows is- less or greater than a right 
angle. 

We may obseiTe also that ^{1 + J)^} must be taken negatively 
in the integral I - „ ^ — dx whenever x is algebraically de- 
creasing. 

In order that the value ^ = 0- may correspond to a minimum 
we must have/(0) - 2/'(0) positive. 

14- I shall now make some remarks on the problem which 
has hitherto been discussed ; the second and the third remarks I 
consider of peculiar importance, for as we proceed it will be found 
that they are applicable to many other problems. 

I. It may be said that in a certain sense there is no discon- 
tinuity ^ for example in Art. 9 we obtained two straight lines 
meeting at an angle ; now two straight Hues might bo regarded as 
a mnic section, that is as farming but one curve. I lay no stress 
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10 MAXIMUM OB MINIMUM OF AN INTEGRAL 

on this remark, merely introducing it to shew that it Bas not been 
overlooked. In fact the solution resembles the double soiution of 
a quadratic, from which indeed it arises, 

II. Such discontinuity as occurs may be said to be introduced 
by the conditions which we impose on the problem. We require a 
line to have a certain minimum property and to connect two fixed 
points; and the discontinuity arises from the circumstance of 
there being two fixed points. Suppose we take the following pro- 
blem : find a line such that j^{p)da> may be i 
minimum, the line commencing at a given point a 
given length. Here by the usual theory we have to find a maxi- 
mum or minimum value of I J</i {p) 4- X V(l + p'} [ dx, where \ ia 
some constant to be determined. Thus we obtain 
0'(i') + ^Tp^fpj = constant ; 

and in order that the term in the variation which is outside the 
integral sign may vanish this constant must be zero. Also 
<f>{p) +7i. ^(l +p'^ must be zero at the limit of the integration 
which is not fixed. Thus we can eliminate \ and we have for 
determining p the equation 

Then the unfixed limit of integration will be determined from 
the fact that the length of the line is given. Here no discon- 
tinuity presents ' itself. The last equation may furnish us with 
more than one value of^, but we shall not be able to combine two 
different values into one solution, unless indeed the two values of 

p which we employ give the same value to -'^l/^ and also give 
Vi +p' 

the same value to ^IMynZ 
P 
HI. A question may naturally occur as to the possibility of 
finding a solution of our original problem which does not involve 
discontjjiuity. Granting that in a particular case the least value 
of the integral is obtained by taking the locus consisting of the 
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WHICH INVOLTBS ONLY ONE DIFFERENTIAL COEFFICIENT. 11 




straight lines AC and OB, it might be asked what curve pro- 
ceeding from A to B without any abrupt change of direction 
will give the least value among all such curves. I say in reply, 
most decidedly, that it is hopeless to seek for such a curve. For 
we may draw a curve as close as we please to the locus formed 
of the two straight lines, and thus obtain a result as near as 
we please to the absolutely least result. The dotted line in the 
diagram is intended to represent a curve drawn very close to the 
straight lines. 

15. I now proceed to another problem. 

Let q stand for ~; and let <f){q) denote a given function 
of 2 : required the curve for which the integral ^ {q) dx taken 
between fixed limits is a maximum or a minimum. 

Let u = i <j) (^) dx ; then, as far as terms of the second order 
inclusive, 

- ♦' (?) sp - (s f (s)} sy +/{«y £ f (?) + r (i) ^¥-'1 &■ 

Then we require by the usual theory 
£if(!)-Oi 
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12 MAXIMUM OH MINIMUM OF AN INTEGEAL. 

therefore ^'(g) = Cx+ C, 

where G and G' are constants. 

Then in order to make the term 0' (y) Sp which is outside 
the integral sign vanish it is obvious that we must have f?=0 
and C"=0; supposing the lower limit of a; to be zero. Hence 

f(?) = Oi 
thus one or more constant values can be obtained for q. Suppose 

a to denote one of these vahies ; then -y4 = ^ '< therefore 

y^^ + hx + b', 

where i and 6' are constants. These constants can be determined 
from the fact that the curve is to pass through two fixed points. 
Thus we obtain a parabola for the required curve. And Bu is 

thus reduced to -y ■- I {hqf du, so that we have a minimum or a 

maximum according as ^"{d) is positive or negative. 

In this problem then there is no discontinuity ; we find on 
examination that we can satisfy all the conditions by one parabola. 
But we may easily modify the problem so as to introduce dis- 
continuity. For example, suppose we require that the curve sbaU 
not only have fixed extremities, say A and B, but also pass 
through another given point D. If D happens to be on the 
parabola which passes through A and B and has the maximum 
or minimum property we have no discontinuity in our solution ; 
but if D be not on this parabola the required curve will consist 
of two parabolic arcs, one passing from A to D, and the other 
from D tii B; or it may he one passing from Aio B and the other 
from B to D. 

16, Thus we see by examples that discontinuity may be pro- 
duced by conditions imposed on the problems ; sometimes un- 
consciously imposed as in the problem of Art. 2, and sometimes 
consciously imposed as iu the latter part of Art. 15. And as we 
shall see hereafter conditions may present themselves very natu- 
rally which produce gi^eat discontinuity in solutions. 

But before we discuss other problems it will be convenient to 
give some general theoretical investigations. 
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CHAPTER II. 



THEORETICAL INVESTIGATIONS. 



17. Let there be an integral I (pdx which is required to be 
a maximum or a minimum, where ^ is a known function of 1/ and 
its differential coeificients with respect to x. Change y into 
y + Sy ; then in the usual way we obtain for the variation of the 
integral to the first order an expression of the form 

where L depends on the values of the variables and the differ- 
ential coefBcienta at the limits of the integration. Now if 8y 
may have either sign we must have M= as an indispensable 
condition for a maximum or a minimum ; and moreover we must 
also have L = 0. These statements are universally admitted to 
be true. 

Suppose however that owing to some condition in the problem 
we cannot always give to % either sign: for example suppose 
that throughout the whole range of the integration By is essentially 
positive, then it is no longer necessary that M should vanish. If 
M is positive through the whole range of the integration we are 
sure of a minimum ; and if M is negative through the whole range 
of the integration we are sure of a maximum. We assume of 
course that we are able to satisfy the condition Z = ; or to ensure 
that L shall be positive in the former case and negative in the 
latter case. 
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14 THEOEETICAL INVESTIGATIONS. 

Next suppose that Sy may have either sign through part of 
the range of the integration, but that it is essentially positive 
during the remainder of the range. Then if M vanishes through 
the former part and is positive through the latter part of the range 
we are sure of a minimum ; and if M vauishes through the former 
part and is negative through the latter part of the range we are 
sm-e of a maximum. We assume as before that the condition 
relating to L can be satisfied. 

Now we must observe a great peculiarity in the case which 
we are considering; when 8^ does not vanish throughout the 
range for which its sign is restricted we are sure that the varia- 
tion of the integral is essentially positive or essentially negative 
without examining the terms of the second order in the varia- 
tion. 

18. Simple as the remark is which is the subject of the pre- 
ceding Article it will furnish the foundation for much that will 
follow : in fact it is the principle on which depends the discon- 
tinuous solution of nearly all the problems we shall have to 
discuss. The principle appears to have been first employed by 
Mr Todhunter in the Philosophical Magazine for June 1866. For 
the applications we shall have to make of the principle we may 
state it thus : Suppose we are seeking by the aid of the Calculus 
of Variations the curve which has some assigned maximum or 
minimum property ; then if no condition is imposed which fetters 
the sign of By there can be no solution except such as may he 
sujq)lied by putting M=0. But suppose a certain boundary is 
imposed which the curve is not te pass beyond ; then along that 
boundary Bt/ will not be susceptible of both signs, so that part or 
the whole of this boundary may occur in the required solution. 
Thus the solution can consist of nothing besides what can be ob- 
tained from Jf = 0, or of part or the whole of the given boundary, 
or of some combination of these two elements. Many illustrations 
of this statement will occur as we proceed. 

19. The integrals with which we shall be concerned will in 
general have to be taken between assigned limits. Hence the 
variation which we have denoted by L + j MZydx is more ex- ■ 
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THEOEETICAL INVESTIGATIONS. 15 

pUcitly presented thus, 

L^-L^ + jMS^dx, 

where i, denotes the value of a certain expression at the upper 
limit of integration, and L„ the value of the same expression at 
the lower limit. 

Now suppose we separate our range of integration into two 
parts, one extending from x^ to | and the other from f to x^. 
Then the variation corresponding to the range from Xg to f may 
be denoted by 

L^-L^+j MBydx, 

and the variation corresponding to the range from ^ to x^ may 
be denoted by 

L^-L^ + j'^MSydx. 

If there be no discontinuity in the function to which variation 
lias been given i, and i, will really denote the same thing ; but 
if there is discontinuity L^ and i, will not necessarily denote 
the same thing: and we shall have to be very careful on this 
point when we are considering the value or the sign of the whole 
variation. 

20. A simple example may be here conveniently solved, as 
it will illustrate some of the remarks made in the present 
Chapter. 

Required a curve which shall connect two fixed points A and 
-B on the axis of x, and make I (g* — 2y) da; a minimum. 

Let M=|(j'-2y)t&; 

then to the second order inclusive we have 



Su=({2qSq-2Sy)dx+j{Bqydx 



'-4j»-'I&- 



f|(8j)'&-. 
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Hence we liave in the usual way 

^_i=n 



whence »/ = |2_ 4- Gc' + CV+ C"x+ C". 

Let JB='2k; and take the middle point between A and B 



for the origin. Then to make the term 2qBp vanish we must 
have <c = both when i:e = h and when x = — h: this leads to 

0=0 and C = — -r-- Also w = when x = h and when « = — A : 



x' h'a? 5k* ,„, 

!' = a--r+M (^'- 

But suppose we impose the condition that y is to be always 
positive. Then along the axis of x the sign of Bt/ can never be 
negative. Thus we are led to enquire whether j/ = is not a solu- 
tion: we find however that this is not a solution. For the term 

of the first order in Bu now reduces to — 2 I Bi/dx, and as 8^ cannot 

be negative this term is negative ; so that u is not a minimum. 

If however we impose the condition that y is always to be 
negative y = is a solution. 

Similarly if any curve be drawn from A to B, and the con- 
dition be imposed that the required curve is not to fall between 

this given curve and the straight line AB, then if -j^— 1 is 

positive for all points of the given curve this curve itself supplies 
a minimum solution. If the Qonditlon be imposed that the re- 
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quired c 



s not to fall beyond the given curve, then if t4 - 



is negative for all points of the given curve this curve itself sup- 
plies a minimum solution. 

Now let us take the problem as originally proposed with this 
condition ; that a certain given point is not to be excluded by the 
curve, BO that this point is to be either within the given curve 
or on it. 

Let the co-ordinates of the given point he a and h; let J3 de- 
note the point. The problem of course is by no means the same 
as if we required the curve to pass through D. If we required the 
curve to pass through D we should in fact have to draw one curve 
between the fixed points A and D having the assigned minimum 
property, and another curve between the fixed points D and B 
having the assigned minimum property : then in fact we should 
have two problems identical in principle with that which we have 
already solved. But the problem we have really to solve is 
different. 

If the point D falls within the curve (2) then that curve is the 
solution required. But if the point D does not fall within the 
curve (2) no solution can exist except one which has the point O 
on it : we proceed to seek this solution. 



First consider the portion DB. 

This must be determined by the differentia! equation (1). 
Hence we must have 

y = ~ + OcH CV+ C"x+C'" (3). 
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Now as the term % Bp must vauish at B we must have ^ = 
when a) = ft., so that 

|-4-GGA + 2C' = (4). 

Also the curve ia to pass through £ and D ; thus 



..(5). 



2i 

From the equations (4) and (5) we may express C, C", and 
C" in terms of G and known quantities ; so that C alone remains 
undetermined. 

In the aame manner we find for AD the equation 

the constants 7, 7', 7", and 7'" being connected by relations like (4) 
and (5), with the sign of h changed ; thus we may consider that 7 
alone remains undetermined. 

Now let us examine the relations which must hold at the point 
D. We must have with the notation of Art. 19 

where the subscript 2 relates to the point D as being on the arc 
AD, and the subscript 3 relates to the point D as being on the arc 
BD. The only way to make this vanish always [unless both q^ 
and q, are zero] is to have q,— q,, and also ^, = Spj: the latter 
requires thatp,=p,, for then, and then only, Spj and Sp, mean the 
same thing. [This however implies that we assume there is to be 
no break of direction at D.] Hence we must have 

| + 6oO + 2C' = |- + 607 + 27' 

^ +3-i'C+ 2aC'+C" =1 + 3aV+2a7' + 7". 

These equations with those which have been previously oh- 
tmned suffice to determine all the arbitrary constants. 
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We have still left ia the variation of the integral the term of 
the first order 



i-'i^hi-'i'^X 



here %j and Sy, mean the same thing, so that the term reduces to 

Now by the nature of the problem Sy^ can never be negative. 
Hence we are certam of a minimum if C - 7 is positive, for then 
this term is positive or zero ; and the term of the second order is 
positive. 

From (4) 

4 

Similarly 7' = 37A — -^ • 

Substitute in the first of equations (6) ; thus 
0(a-t)-7(a+i), 

solhat o_„_-?*£. 

a + k 

we have then to shew that C is positive. 
From (5) 
C"+ 0'{a + h) + (7(o' + oft+ h'j + 



a' + a'h + ah' + A' b 



21 «-*■ 

Substitute for C ; thus 

that is 

C"+C(a'-2oJ-24') + ?^+i*=#*^l*= * m. 

24i a — h ^ ' 

Similarly 

y-+7K+8»t-2y)4. °'-°''-^''^'+'^' =^-l^...(8). 
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From (7) ami (8) by subtraction 



But from the second of equations (6) we get 

= 6aA(7 + C)+3a*(7-C') 
6a'A , 



a + A 



C, 



80 that , t ^+ To — = - 1 - lij 

a + A 12 a —A 

,«,T , 25 5A'-«* 
therefore 4C' (A — o) = %,— -, — - ,„ — ■ 

Thus G is positive provided 2J is greater than 

12 

that is provided 6 is greater than 

o* o'A' 5A' 
2i~ 4 "'"24' 

and this condition is satisfied inasmuch as i? is supposed to be 
outside the curve (2). 

It will be observed that the solution is discontinuous; the 
branches which meet at D are determined by different equations ; 
at the common point p and j have respectively the same value 
for each branch. The result obtained is a mimmwrn ; it is not the 
l^jst value of the proposed integral. 

It is obviouB that the integral can be made arithmetically as 
small as we please by taking parts of the axis of x and two 
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straight lines inclined to the axis of x at anglea very nearly 
right angles: this is illustrated by the parts AG, GD, OH, HB of 
the diagram. 



[The result obtained is a minimum subject to the condition 
introduced in the investigation. We may enunciate the result 
thus : if any other curve be drawn by giving to y and q infini- 
tesimal changes, so as not to exclude D, and to have no break of 
direction at D, the integral has an algebraically greater value than 
it has for the assigned solntion. 

We may briefly notice another case which presented itself. 
Suppose we put y, = 0, and y, = 0. Then we obtain 
~ a + h a — Ti 

therefore {G - 7) 3y, = ~ ^ Sy,. 

Hence this case does not give a minimum.] 

21. It will be useful for the sake of reference to present some 
known formulse with respect to terms of the second order in a 
variation; I shall add something to the usual investigations of 
them. I confine myself, as sufRcient for my purpose, to the case 
in which the function under the integral sign involves no differ- 
ential coefficient higher than the first. 

Let then m = I ^ (ar, y, p) dx, where as usual p stands for -S- . 

Change y into y + % ; then to terms of the second order inclusive 
we have 



^iir>^'^ 



'lip'^p 



,.£t: 



Adx 



'■W 
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Denote the term of the first order in 8m by v, and the tenn of 
the second order hy ^w, then we see that 



and we may conclude that this relation will still hold after v has 
been transformed in any convenient manner. 

Now if we transform v in the usual manner, using the sub- 
scripts 1 aud to denote values at the upper and the lower limits 
of integration, we obtain 



We conclude then that v> is the variation of this 


that is we conclude that 




•"{H^i'^y^P^'i-l-^/'^y^ip 


H-/0%-|J,^-l(^^^^ 


■9^a 


of which the last line may be written 




im-im^'-ifs^^''^ 






This is the form in which it is found convenient to put the 
term of the second order in the variation according to the known 
method of Jacohi. It is easy to obtain this form directly instead 
of indirectly as we have done ; as we will now shew. 



22. We have 



=/|: 



?* »,!• + 2 -^ is., S™ 4. £4 « 



By integration by parts we have 
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Also by integration by parts we have 

Thus we obtain the required transformation of w. 

23. We shall now suppose that the limiting of valuea of y 
are fixed, so that By = and By = 0. 



Hence we have 






where P stands for -,--i — ,- f , v l 

aif ax \dy dp J 



and 



Let z be such a quantity that 

and assume % = fe ; then 

PSy-- 

^d 



^-KO-"- 



By\PSy-iv 






dx\ 



therefore 
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Since the limiting values of y are fixed the part of the last 
expression, which ia outside the integral sign vanishes. Hence 
finally the term of the second order in 8« 

Here z' is used for ^ ; and in like manner y will be used for 

This is Jacobi's form for the result. We see at once that there 
will be neither a maximum nor a minimum unless Q preserves 
the same sign throughout the range of the integration. 

24. Suppose then that Q does retain the same sign through- 
out the range of the integration. We shall now consider what 
further conditions are necessary in order to ensure a maximum 
or a minimum : this is a point which the ordinary treatises on the 
subject seem to me to discuss in an unsatisfactory manner. 

I. Suppose that z can be taken so as never to vanish through- 
out the range of the integration ; then there is a maximum if Q 
is negative and a minimum if Q is positive. For we see that the 
expression under the integral sign in the term of the second order 
in Stt is necessarily of the same sign as Q ; and it will not vanish 
unless throughout the range of integration zBp~z'Si/ = 0, which 
we may write thus sSy' — s'S^ = 0. But this leads to 8^ = Cz, 
where »7 is a constant, and as Sy vanishes at the limits s must also 
vanish, which is contrary to the supposition. 

Now as we shall see presently z is of the form 0,/, + C,f, 

where C^ and (7, are arbitrary constants, and / and f^ are definite 

functions of x. If /, and _f^ do not vanish nor become infinite 

within the range of integration we can secure that z shall not 

vanish. For 

'J -0. « + »/.), 

where «i = ~° ; and -^ wiil not range from positive infinity to 

. '. *'' 

negative infinity, but only between certain finite limits; so that 

by ascribing to m any value outside these limits we secure that s 

shall not vanish. 
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II. Suppose that we cannot secure that z shall not vanish 
throughout the range of integration. Our assumption that Sy = ts 
is not admissihle if z vanishes when hy does not vanish. Hence it 
might appear at first sight that the proposed method of trans- 
formation simply becomes inapplicable, and so leads to no result. 
But as we shall shew we can infer thai there is now neither a 
maximum nor a minimum. For from what has previously been 

positive infinity to negative infinity. Take m such that z shall 
vanish at the lower limit of integration. Then by reason of the 

range of values of which —I is susceptible z will aJao vanish at or 

before the upper limit of integration. Take Zy=Gz, where C is a 
constant, for all values of the variable x between those for which s 
vanishes : and take S^ = for other values of x. Then the term of 
the second order in Sw vanishes. The term of the third order will 
in general not vanish, but will be susceptible of either sign. Thus 
there is neither a maximum nor a minimum. 

25. Suppose that the value of y found from 

dy dxydp) 
is denoted \>y f{x, c^, c,) where c, and c, are arbitrary constants: 
then this value of y is of course the solution of the problem of the 
Calculus of Variations which is supposed to be under discussion. 

Equation (2) will also be satisfied when we give small arbitrary 
increments 6c, and Sc^ to the constants. And as we shewed in 
Art. 21 that mi = &> we infer that (1) will be satisfied when we put 

And as (1) is linear with respect to a we see finally that tlie 
general value of z is 

' rfc, * rfc, ' 
where C, and C, are arbitrary constants. 
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This finiabes the exposition of Jacobi's method for discrimi- 
nating between a maximum and a minimum, so far as will be 

necessary for our purpose. 

26, I propose however to consider more particularly the term 
of the second order in the variation of jy<f>{p) dx. This is of 

course less general than the problem which has just been given 
after Jacobi ; but it includes a lai^e number of particular cases, 
and it will furnish some resulte which have not hitherto been 
specially noticed. 

Let u=\y^{'p)dx; 

then to terms of the second order inclusive we have 

+5/f%%>f(p) + *)'j*"(rtl<fc- 

Transform the terra of the first order in the ordinary way, 
and suppose the limiting values of y to be fixed ; then this term 
becomes 

To make this vanish we must have 

and this leads to 

y<i>{p)-yp<^{p) = c^ (3), 

where Cj is a constant. 

Now consider the term of the second order. 
By integrating by parts we have 

|Sj«p*'W«-Wf(p)-/8j^»'(P)8s']<fc! 
therefore 

Hosted b,Goo(^Ie 
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and thus the term of the second order is 

l/lyf (j')(2pr-y"f'(p)(«^)V«'. 
that is aj^"^^^ [y (Pp)' - y" ihy\ '^■ 

This supposes that 8^ vanishes at the limits ; if it does not the 
t«rm of the second order is 

5 »'()•) (Sj-n.-^wcrtcs*)'). 

where the subscripts 1 and refer to the upper and lower limits 
of integration respectively. 

At present we will however continue to suppose that Sy 
vanishes at the limits. 

27- In geometrical applications we shall generally be able to 
regard if as positive. If then the curve given by (3) is concave to 
the axis of x we know that y" is negative ; and thus the sign of 
the term of the second order will be invariable if that of 'ft"{p) ia 
so. But we can shew that the sign of <f>" (p) is invariable if that 
of y" is ; for from (3) we have 

_ c, 

^~'P(P)-P'}>'ip)' 
therefore by differentiation 

c,pi/"<)>"{p) 
P {'l>(p)-p<l>'ip)Y- 

so that ■' J4>(p)-P'!>'(p)]\ 

y c,^-{p) 

thus we see that if one of the two y" and 4>" {p) '^^ of invariable 
sign so also is the other. 

Thus if y be positive and the curve be concave to the axis of x 
we have a maximum if (^" ( p) is negative and a minimum if ^" (p) 
I IS positive : and, in this case we need not have recourse to Jacobi's 
method. 
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28. If however the curve be convex to the axis of a; we cannot 
settle the sign of the term of the second order without further 
examination : to this we now proceed. 

From (3) we have 

y = c;^{p) (4), 

where -^ [p) denotes a known function of p. 



Now 



"/|*=/f-./^'*- 



Thus ^ = <^iXip)'^'^'i (5), 

where % {p) is some definite function of p, and c, is an arbitrary 
constant. 

The vaiue of y in terms of x is theoretically to be found by 
eliminating p between (4) and (5). We denote the result of this 
elimination by 

Although we cannot actually effect the elimination generally 

yet we shall be able to obtain the forms of -f- and — which 

ac, rfc, 

are required in Jacobi's method. 

For from (4) and (5) we obtain 



The second of these equations gives 
Again, from (4) and (5) we have 
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The second of these equations gives 



Hence the quantity which we denoted by z in Arts. 23 and 25 
becomes in the present case 

that ia O; 1^ -d^H^ - mp) I , 

where m is a constant standing for jf . 

If the expression just given between brackete vanishes at any 
point we have at that point 



Now a; - - is the abscissa of the point of intersection of the 

tangent to the curve at the point {x, y) and the axis of ic ; we will 
put f for this a" 



We assume that y is positive and that the cm-ve is convex to 
the axis of x, 

29. I, Suppose that the tangents at the extreme points of 
the curve, that is the fixed points, intersect above the axis of x. 
Then | is not susceptible of all possible values ; for instance, if 
the extreme points of the curve are on opposite sides of the lowest 
point f is not susceptible of values lying between the values it has 
for the extreme points. Thus we can take c, — mo^ so that it shall 
not be equal to any admissible value of f ; so that we can secure 
that z shall not vanish throughout the range of integration. 
Hence by Art. 2i we are assured of the existence of a maxi- 
mum or of a minimum if ^"(i>) retains an invariable sign. 
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IL Suppose that the tangents at the extreme points of the 
curve do not intersect above the axis of ar; then there will be 
neither a maximum nor a minimum. For if the tangeota inter- 
sect on the axis of x we can make 2 vanish at the two limits of 
the integration. If the tangents intersect behw the axis of x we 
can make z vanish at one of the limits of integration, and also 
at some other point within the range of integration. Hence by 
Art. 24 there is neither a maximum no 



Particular cases of this general result have been noticed before ; 
but not the general result itself. See Dienger's Grundriss der 
Variationsrechnung, 1867, pages 21 and 25. 

30. It is important to observe that the transformation given 
by Jacobi for the term of the second order in a variation holds 
even if we do not suppose the term of the first order to vanish. 
For instance : let 



=j<f'{^.y>p)^; 



then taking the limiting values of the variables to be fixed we 
obtain 

■ Su=JMBydx+^JQ(Sp-^Bi/'Jdx (1). 

Now if we put M=0, we have for every system of values 



of! 



Su=^\JQ(Sp-^Syjdx (2). 



But even if we do not put M= the above general value (1) 
of Su still holds ; and in this case it may be possible that some 
p^iculai value of % makes iMByda: = 0, and then Su reduces us 
before to the form given in (2). 

For example take ^e ease of a braehistochrone under the 
fliAien of giftvity. Here x being measured vertically downwards 
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Hence y has to be found from 

This leads to 



2=a+a 



V2Cj3; — j^J 

Hence with this value of z the expression (1) holds for hu 
whatever he the relation between x and y. Suppose for illus- 
tration that we take a curve consisting of an arc of a circle fol- 
lowed by an arc of a cycloid which has its cusps in the axis of y, 
the two arcs touching at the common point. Then ^« takes 

the form given in {1). The jKirt of \Mhydx which corresponds 

to the cycloid vanishes ; the other part of I MZydx does not vanish 
always, but it may vanish for some particular value of ty. The 
term of the second order in Zu retains the same form throughout. 

Of course it is possible to give special transformations of the 
term of the second order in a variation in special cases. Thus 
the transformation in Todhunter's Integral Calculus, third edition, 
Art. 377, applies to the problem there discussed, that is the 
bracliistochron e. 
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CHAPTER III. 

DISCONTINUITy PKODUCED BY CONDITIONS. 

31. We shall now discuss some examples in which dis- 
continuity is produced by conditions explicitly imposed on the 



We begin with a veiy simple case. 

Imagine a rectangular court containing four rectangular grass 




plots. Required the shortest course from a given point A on one 
side of the court to a given point B on the other side, with the 
condition that the path is not to cross the grass plote. 

Of course A and B might be so situated that a straight line 
could be drawn from A toB without crossing a grass plot. But 
if A and B are not so situated the path will be discontinuous, 
consisting of two or more straight lines not in the same direction. 
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For instance, in the diagram the shortest path may consist of 
three parts, namely AC, CE, and EB. In this example the 
Calculus of Variations will assure us that the path must fee made 
up of straight lines ; and then we must determine by Geometry 
or the Differential Calculus what aasemtlage of straight lines will 
constitute the shortest path. 

32. We shall now modify the general problem of Art. 2, so 
as to introduce discontinuity ; and as an easy mode of enunciating 
the problem we will suppose as in Art. 1.2 that we are dealing 
with the brachietochronous course of a ship. We will now make 
the very natural condition that the ship's course is not to cross 
certain prescribed spaces ; these spaces we may conceive to be 
forbidden on account of rocks, or shoals, or hostile batteries. 

Thus, for instance, suppose that a ship is to pass from ^ to £ 
in the shortest time without crossing the straight line OG pro- 



duced indefinitely to the right, or the straight line OD produced 
indefinitely downwards; these straight lines being parallel to the 
sxes, and Ax being the direction of the wind. 

We know from the discussion in Art. 12 that the course be- 
tween any two points if no obstacle occurs is a straight line, or is 
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of more than one straight line ; and thus we see that in 
the present case the course must be composed of various straight 
lines, including possibly portions of the boundary of the forbidden 
space. We must then examine the various suppositions that can 
be made. For example, the swiftest course may perhaps consist 
of the straight line from A to some point P in OD, the straight 
line from P to 0, the straight line from to some point Q in OG, 
and the straight line QB. We should have of course to investigate 
the positions of P and Q, if such there be, which would make this 
course swifter than any other. 

33. A genera! solution of the problem of the preceding Article 
for any form of the function denoted by </> (p) in Art. 12 would 
be impracticable. But if a particular form be assigned to ^, it 
might be practicable to complete the discussion : of course the 
final result might depend on the situation of the point B and of 
the straight lines OG and OB. 

34. We will however discuss a particular case with some 
detail. 

Let the velocity be the function of p which is denoted by 
r— — "3, BO that ^(^) in Art, 12 stands for (l+p°)^. 




Suppose Ax the direction of the wind ; let CD be an arc of 
a circle : and let the swiftest course be required from AVtB with 
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35 



the condition that the course does not cross the circle, which is 
supposed large enough to forbid the direct course from A to B. 
The restriction here imposed might present itself in practice owing 
to the presence of a hostile battery of a certain range. 

We have to find the minimum value of 



1 (p) dx whero ip (p) = (1 +p')^. 

Here (^'(i*) = 3^(1 +/)*■ 

Thus 4>'{p) = has no solution except p = 0; [and <f>'ip) = G 
will furnish only one value of p] : and so the swiftest course be- 
tween any two points is the straight line which joins them ; see 
Arts. 2 and 4. Hence it will follow that if F and Q be adjacent 
points on the arc the direct course from ^ to ^ is swifter than 
that made up of the straight line AP and the arc PQ. 

We shall by this consideration arrive ultimately at the follow- 
ing result: Let APhe a tangent to the circle from A. and BS 
a tangent to the circle from B; then the swiftest course consists 
of the straight line AP, the arc PB, and the straight line £B. 




35. The solution here given furnishes a very good illustration 
of the important principle of Art. 18. Put 

u=i<i>ip)dj!; 
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then to the first order 

S» = </.'(^)«y+J|-Sy|-^'(^)}^ 

= <p.'{p) Sy -J lr/4>"{p)y"dx. 

Now along AP and BB we have y" = 0, so that the part of 
Sw under the integral sign reduces to only so much as arises from 
the elements between P and R. Now for such elements y" is 
negative, and Zy is essentially positive, so that this part of Sm is 
positive. Since AP touches the circle the value of ^'{p) is the 
same at P whether we consider the straight line AP or the circle : 
thus the term ^'{p)Zy will enter twice with equal value and 
opposite signs, and so vanishes. Similarly the term ^'{p)hy at 
R vanishes. Hence Sw reduces to a small quantity of the first 
order which is essentially positive; and thus a minimum is 
secured. 

I here suppose that in compaxing the proposed path with an 
adjacent path we vary the whole path: if however we do not vary 
PR but only the pieces AP and RB the value of Sm will still be 
positive, hut it mil be a small quantity of the second order instead 
of the firet, namely, \ \^" {p) (hpf dx. 

36. We may observe that with the law of velocity adopted 
in Art. 34 the swiftest course in Art. 32, if the direct course is 
forbidden, will consist of the straight lines A and OB. In this 
case, proceeding as in Art. 35, we find that Zu reduces to 

{3p„ \/(l +^^=) - 3iJ, ^/{l -\.p^)] By, 
where ^„ is the tangent of OAa:, and p, the tangent of BOC; and 
By is the variation of y at the point 0. Now By is essentially 
positive, and p, is by supposition greater than ^, : thus Bu is a 
positive quantity of the first order. 

37- It is obvious that the process of Arts. 34 and 35 does not 
require that the curve which bounds the forbidden area should 
■> be a circular arc; any curve which is concave to the 
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asis of X may be taken instead of the circular arc. Nor need the 



law of velocity h 

general (p) may 
tj)'(p) = 0] has no ] 



,rily that espressed by d> (p) = ^— — , : m 
l-\-p 
any function of p such that ^' (p) = [or 
ible root or only one possible root. 

38. As another example let the law of velocity be such that 

p{p) = h'' — 9+4": see Art. 9. Th-s in fact requires that the 



expression for the velocity should be 



V(1H 



Suppose A and B so situated that the swiftest course from A 




to B when there is no obstacle consists of the straight lines AG 
and GB which are determined by _p = ± a. And suppose that a 
certain circular area is not to be crossed so that this course cannot 
be adopted. Required the swiftest course. 

It will be found that the swiftest course consists of the follow- 
ing parts : the straight lino AF drawn from A to touch the circle ; 
then the arc PQ where Q is such that the tangent at Q is parallel 
to AG; then the straight line QI> which is part of this tangent; 
and finally the straight line DCB. 

That we thus obtain a minimum can be shewn as in Art. 35. 
If we pass from the assigned path to an adjacent path the varia- 
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tion will be found to be a positive quantity : it will be of the first 
order if we vary the whole path, and of the second order if we vary 
all except the part PQ. 

39. In the problems of Arts. 34 and 38 it may be granted 
that we have obtained minima results, but yet it may be asked, 
how do we know that we have obtained the least results ? I answer 
that the Calculus of Variations is immediately concerned only with 
maxima and minima values ; and it would have been sufficient to 
use the term minimum in these problems. Nevertheless we can 
see that there must be a least value in each problem, and that 
the path must consist of a straight line or lines with perhaps part 
of the boundary of the forbidden area. Then, on trying various 
combinations of these possible components, we may soon convince 
ourselves that there can be no least values except those which 
have been assigned. 

The kind of discontinuity which these problems furnish is that 
of straight lines and a curve which touch where they meet. 

40. Suppose we seek for a curve of maximum or minimum 
length between two given points. 

Let M = |^/{^ +p'} <?* i then as far as terms of the second order 

Inclusive, 

-7(1+?') Jrfxlvi+P''-' 2J(l+/)»- 

Thus in the \isual way we obtain 

:; = constant, 



and this corresponds to a minimum. 

As long as we impose no other condition there will he no 

But now let ua propose to find a line of maximum length 
between two fixed points with the condition that y is always posi- 
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Let A and B be the two fixed points ; take A for the origin, 



and draw BC and BD perpendiculars on the axes. Then the con- 
ditions imposed assign AD and DB as forming one boundary 
which the required hne must not transgress, and A C and CB as 
another boundary. 

The preceding investigation shews that there will be no maxi- 
mum whatever so long as we take any line except one of these 
i boundaries. 



41. It remains to investigate whether these boundaries them- 
selves are the required lines of maximum length. In order to 
avoid infinite values of p we will transform to polar co-ordinates ; 
the origin may be supposed to be at C. 



Let 



"-V{''+©"}''''""'°"' 



the first order 



^-/-l 



dr 



where r is put for ,a ■ 
Now the expression 



V(r' + dd^(r^^r'')j 



■) both 



along AD and along LB; thus the part of Ba which is under the 
integral sign vanisbea. 
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The other part of Su does not vanish. For tlie straight line AD 
we have r = ^, where AO=a: thus -77-5 ^ = siii^. Simi- 

larly for the straight line PB we have r = -. — ^ , where AD = b : 

thus -rr-i 757= — cos ^. 




Hence finally 

Su = {^aDCA + cos DCA) Sr 

where Br corresponds to the point D. And as when we pass by 
variation from the boundary ADB to an adjacent curve we must 
keep within the boundary, Sr is essentially negative. Thus Bu is 
;ative and our result is a maximum. 



[If however Br corresponding to the point D is zero, then Sm is 
of the second order instead of the first order, and is positive ; but 



In like manner the boundary ^C5 constitutes a maximum. 

42. It is required to draw a curve of given length between 
two fixed points so that the area bounded by the curve and the 
straight line joining the fixed points may be a maximum. 

This is a well-known problem ; the curve must be an arc of 
a circle : see Todhunter's History of the Calculus of Variations, 
patge 69. But suppose we impose the condition that the curve is 
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not to pass beyond a certain given straight line which contains 
one of the fixed points. 

Let A and B be the fixed points, and OA a fixed straight hue 




which the required curve is not to transgress. Take any point 
in this fixed straight line as the origin of polar co-ordinates. As 
the curve is not to transgi'eas the fixed straight hne, the most 
general supposition we can make is that it must consist of some 
portion AC oi this fixed straight line, of length at present un- 
known, and of some curve CB. 

Let ^(7=*-,, and let the angle BO^ = /3. Then we have to 

find the maximum of ^ i r^dd while 

given value. Hence a denoting a constant, we have by the usual 
theory to seek the maximum of 



y^-m^ 



..+/;{!.. V--(S)'H 



Denote this by u. Then in the usual way we make the part of Zu 
which is under the integral sign vanish : and thus we find that 
the curve must be a circular arc. Then we have left 

r ^ 



v-^'-du: 
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To make this vanish we must have (■—] infinite, that is 
\dr) ~^ ' ^^^^ ^^^ circular arc must tomk the fixed straight line. 
Then r„ must be determined from this condition, and the cir- 
cumstance that the whole perimeter is a given quantity' 

43. For a more general problem we may take instead of a 
fixed straight line passing through A a fixed curve; and impose 
the condition that the required curve shall not pass beyond this 
fixed curve. It is natural to conjecture that if the given perimeter 
is so large that the required curve consist in part of an arc of the 
fixed curve, then the circular arc wiU touch the fixed curve at the 
point of junction. This we shaU now verify. 

Suppose the required curve to consist of AP a portion of the 
fixed curve APG, and the arc PB \vhich we know will be an arc 
of a circle. Take any point in AB as origin of polar co-ordi- 
nates. Let the unknown angle A OP be denoted by y. Put I for 
AP and S for the area A OP Then a denoting a constant, by the 




usual theory we must investigate the maximum of 
al + S + j'i^ + a^(r'+r''}\dd. 
Denote this by u. Then by considering the part of Bu wliich 
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is under the integral siga and making it vanish, we obtain a cir- 
cular arc for the curve PB. Thus we have left 

S« = aU + gS - I^V a V{J^ + O} ^S - -^^^^' 
where for we are to put 7. 

Now suppose that r = '^{6) is the equation to the fixed curve ; 
then U='^^-\-{-^'{8)Yd9. Also BS^'^dd. Thus 



where for 9 wc are to put 7. 

But since the point F must he on the fixed curve we obtain 
[by a process like that in Todhunter's Integral Calculus, third 
edition. Art. 359,] the condition 

Br = [f'ie)-r']d$; 
and thus 

Hence that this may vanish we must have when d = y 

Jr^+{f'{0)f X Vr* + r' = r* + r'fiff) ; 

this leads to {r - -f' (fl))" = 0, so that r' = -f' (^. 

Thus the statement is established. 

44. lu like maimer we may treat the problem in which there 
IS also a fixed curve passing through B which the required curve 
' must not transgress. As an example we may refer to the special 
I case originally discussed by Legendre where the boundaries which 
the required curve must not transgress consist of two parallel 
straight lines, one passing through one of the fixed points, and the 
other through the otlier fixed point. 
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45. An area is to be bounded by a perimeter of given length ; 
the perimeter is to be constrained to pass through a certain 
number of fixed points : detennine the form of the figure so that 
the area may be a maximum. 

[This problem was proposed by the present ivriter in the 
Mathematical Tripos Examination of 1865.] 

Suppose for simplicity of conception that there are three fixed 
points. Take an origin of polar co-ordinates within tbe triangle 
formed by joining tbe points. Then a denoting a constant we 
have by the usual theory to find the maximum of 



/."{i-V^^}^^. 



with the condition that for three assigned values of the values 
of r must be equal to certain known quantities. 

Hence we shall obtain for the required curve three arcs of 
circles all having the same radius, namely a. 

Thus we have the discontinuity of a curve composed of arcs 
■which meet at a finite angle. 

46. But now let us advert to the case in which the given 
perimeter is so long that the arcs of circles would intersect outside 
the triangle formed by joining the three fixed points. In this 
case some portions of the area would in fact be counted twice over. 
If however we reject this as inconsistent with the nature of the 
problem, we must consider what modifications we have to make 
in our solution. 

From the discussion in Art, 42 we are now led to the following 
conclusion ; 

Let A, S, C be the given points ; then the required figure 
will be composed of certain straight lines AA', BB', 00', and of 
certain circular arcs A'B', B'G', O'A', all having the same radius, 
Moreover the circular arcs will touch the straight lines which they 
respectively meet. 
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47. We may give a mechanical aspect to thia problem. 
Suppose a cylindrical vessel to be formed of flexible material, 
and placed on a horizontal plane ; and suppose that the material 
ia constrained to pass round fixed vertical rods. Let fluid be 
poured in ; then we know that in the state of stable equilibrium 
the area of the base will have a maximum value, so that the 
centre of gravity may be as low a 




We know from almost elementary considerations that each 
'ortion of the boundary of the base will be an arc of a circle. The 
i-ct that the radii are all equal may be deduced from the relation 
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which connects the pressure and tension with the radius : the rela- 
tion is given in bctoks on Hydrostatics. 

Then, if the perimeter of the flexible material is large enough, 
we obtain the result explained in Art. 46. The lengths of the 
straight portions AA', BB', CG' will of course be counted twice. 

48. The discussion of the lengths and the positions of the 
rectUinear parts of the figure is not a problem of the Calculus of 
Variations, but of ordinary Geometry and Differential Calculus : 
we will therefore offer only a few remarks on it. 

49. We shall shew that as the perimeter is gradually in- 
creased a rectilineal portion occurs first at the largest angle of the 
triangle ABC. 

Suppose the arcs which have AB and AC s^ chords to touch 




at A. Jjet r denote the radius of each arc; and let a, h, c denote 
the sides of the triangle. 

Then ^ + cos" ^ -1- cos^' ^^ = tt (1). 

If instead of touching at A the arcs which have 5 as a common 
point touched we shoxild have 



..(2). 



2r 2r 

Now if A is greater than B, then i 
cos"' ^ . This shews that as the perimeter is gradually increaseo 
the arcs touch first at the largest angle. 

[Because as r gradually increases we arrive at the value which 
corresponds to (1) before we arrive at the value which corresponi^s 
to (2).] 
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50. Now suppose that there is only one Tectiliaear part o£ the 
figure, namely AA\ 




Bin e ~ BA' ' 
mBAA CA' 



BAA' = 6; 

sin CA'A _ h 
^\.ii{^TT-A-e)~CA'' 



sin OAA BA'-b8m{^-A-e)' 
And 2r sin BA'A = BA', %r ain GAA = CA' ; 
(BA" 



csin5 



~e) \CA'j 



2cp COS e 



fesin(27r-^~ 
This ^ves a curve of the third d 
If we put p = we get -;— 



b^+p*-2bpcos{2-7r 
Tee as the locus of A'. 



this determines the direction which AA' initially talces. 

If we denote hy I) the middle point of BC we shall find that 
initially ^ = tt - CAD. For denoting CAA' by ^ we have 



sin (tt — 0) _ sin G 
sin ('TT — i/i) sin B ' 

sin CAD _ sin 
amBAD'siiTB' 



d-i'ir~(}> = A; 
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51. Next consider the case in which there are two rectilinear 
parts of the figure, namely AA' and BB'. 

Thua two circular arcs described on CA' and B'A' as chorda 
with the same radius touch at A' ; and similarly those described on 
CB' and BA' touch at B'. 




It follows by applying such equations as (1) and (2) of Art. 49 
to the triangle CA'B' that CB' = GA'. Let A' A and S'B meet 
at 0. 

Then A'0 = B'0; for they are tangents to the same circle. 
Hence the angle CB'B = the angle CA'A. 

PutAA' = p, BAA'^^e, BB' = p, B'BA=^&. 
sin CA'A CA 



Now 



1 CAA' 'CA! 



therefore 



sin CA'A =3= ^T-j-, sin (Stt 

CA ^ 



Similarly 



therefore 
that is 



EinCB'-B=^sin(27r- 

sin(-^ +g)_ sin(.g4-g') 
CB ~ CA ' 
sin (.^ + ^ _ &m{B+ff) 
mi A sin S 



•B~e'); 
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Also OA' = Off ; that is 



..(2). 



sin {$ + $') ^^' sin (^4 O') ^'' 

And as 0A'= CB' we have 

6'+p'-26pco8(^ + 0) = c'4-p"-2cp'cos(J5 + ^') (3). 

The equations (1), (2), and (3) will theoretically furnish by 
elimination one relation between p and 9, and one relation between 
p' and 8'. 

52. In the case in which the perimeter is so large that there 
are three rectilinear parts of the figure, the result is very simple. 




Let AA', BB', CC denote these rectilinear parts. The tri- 
aj^le AB'C will be equilateral. The three straight lines A' A, 
BB, C'C being produced will meet at a point 0, so that the 
ingles AOB, BOG. COA will ail be angles of 120°. Thus will 
le a fixed point in the triangle ABC. 

If the triangle ABC has an angle greater than 120" suppose it 
he the angle A; then the fixed point will be outside the 
"angle ABC. and BOG will be an angle of 120° while BOA and 
OA will each be an angle of CO". 
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63. Suppose it required to find tbe greatest area included 
■within a given figure, and having a perimeter of given length. 



For simplicity let us take the given figure to be a rectangle 
ABCD ; let AD be the shorter side. 

I. If the length of the given perimeter does not exceed irAD 
the required solution is of course a circle. 

II. If the length of the given perimeter exceeds -rrAD tlie 
required solution cannot be a circle ; for a circle with a perimeter 
of the given length would not fall entirely within the rectangle. 
But -we are sure that the perimeter cannot consist of anything but 
some combination of circular arcs with parts of the boundaiy of 
the rectangle. For as in Art 17 we know that in general it is 
necessary that the part of the variation under the integral sign 
must vanish, the only exception being when, as at the boundary 
of the rectangle, the quantity denoted by S^ cannot take either 



Hence in the present problem the required solution must con- 
sist of a combination of straight lines and arcs of circles. By 




considerations similar to those in Art. 42 we infer that the strai^i* 
lines will touch the area. Thus we obtain two straight lines Ei 
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51 



and GH, and two semicircular arcs FG and HE; the lengths of 
EF&'aA. GH being of course determined by the condition that the 
wliole perimeter shall have a given length. 

Tltis solution holds provided the given length does not exceed 

IIL If the given length exceeds irAD -^-^AB-tAD the re- 
quired solution consists of four straight lines, EF, GH, KL, MN 




connected by four quadrants of a circle, FG, HK, LM, NE, [of thS 
same radius]. 

54. Kequired to find the shortest path from a fixed point A 
to a fixed point B, supposing a circular obstacle having its centre 
in the straight line AB ; and supposing that the path is never to 
be convex towards AB and to have its radius of curvature never 
less than a given quantity r, and to have no abrupt change of 
directioiL 

I. If the radius of the obstacle is not less than r the path 




consists of two tangents to the obstacle with an arc of the 
obstacle, 

4—2 
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U. If the radius of the obstacle is less than r the path con- 
sists of an arc of radius r which touches the obstacle, and straight 




lines from A and B which are tangents to this arc. If the obstacle 
is midway between A and B the two tangents will be of equal 
length, the arc touching the obstacle at the point most distant 
from AB ; but if the obstacle is not midway between A and B 
the point of contact of the arc and the obstacle must be found by 
the Differential Calculus. 

in. The solution holds so long as the arc which touches the 
obstacle cuts AB at two points between A and B. If this cannot 
be secured we must describe a circle on jlBas chord with radius i" 
then if the shorter arc will not clear the obstacle the longer arc 
must be taken. 



If however we are not to transgress the limits obtained by 
drawing straight lines through A and B at right angles to AB, 
it will in this case be impossible to find an}/ path that satisfies the 
Conditions, Mid so of course there can be no shortest path, 

55. It ia easy to justify the statements in the preceding 
Article by the Calculus of Variations, 

Let w = (V{1 +?'')'^} so that when the integral is taken 

between proper limits w denotes the length of the path. Then to 
the second order inclusive 
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The term outside tbe integral sign vanishes since the extreme 
points A and B are fixed. Thus we have 






Now hu is positive. For along the straight lines we have 
y" — y, so that Su reduces to the second pai-t of the above expres- 
sion which is a positive term of the second order. And along the 
circular arc we have y" negative, and it will [probably] be found 
that we cannot suppose By negative without breaking the con- 
ditions which have been imposed, that the curve is not to be 
convex to the axis, and that the radius of curvature is not to be 
less than r, and that there is to be no abrupt change of direction. 
Thus we see that we have a minimum, and we infer that it is the 
least value because no other presents itself. 

56. We have thus briefly considered various simple examples 
of discontinuous solutions ; we shall now proceed to a full dis- 
cussion of some problems of historical interest in the Calculus of 
Variations, which involve discontinuity. 
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MINIMUM SURFACE OF EEVOLUTION. 

57. Hequired the plane curve joining two given points wtich 
by revolving round a given axis in its plane will generate a surface 
of minimum area. 

This problem has been much discussed : see the prize essay 
by Goldsehmidt noticed in Todhunter's History of the Calculus 
of Variations, page 340 ; see also Professor Jellett's Calculus of 
Variatiotis, 1850, page 145, the Calcul des Variattcms, published in 
1861 by Moigno and Lindeliif, page 204, and Dienger's Grundriss 
der Variationsrechnung, 1867, page 15. I shall add something 
to the researches of previous writers. 

58. Take the axis of ic as that of revolution. Then we require 
the minimuoa of I y ^{1 +p') dx, the limiting values of x and y 
being fixed. 

We obtain in the usual way 

y 





V(14 


— ir = L/j a consiant ; 


thus 




f-y-^: 


therefore 






therefore 


a>+C^ = 


■+C.log(j+,/{y-0,')|. 
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Taking either sign we have the equation to a catenary of which 
tlie axis of x is the directrix. We have then to examine this 
solution. 

59. First we ask if it is possible to draw a catenary having 
a given directrix, and passing through two given points. This 
question has been considered by previous ^vriters ; the conclusion 
is that sometimes two catenaries can be drawn, sometimes only 
one, and sometimes none. I shall however presently give a new 
investigation of the question, simpler I believe than those hitherto 
published. 

The next question is to determine whether we really obtain 
a minimum. I shall shew that when two catenaries can be drawn 
the upper corresponds to a minimuai, and the lower docs not; 
and that when only one catenary can be drawn it does not cor- 
respond to a minimum. These statements are new. Goldschmidt 
erroneously thought that both catenaries corresponded to a mini- 
mum : see his page 27. The other writers do not discriminate 
between the two catenaries, except Moigno and Lindeldf in a 
particular case. Strauch is not very full on this problem ; he 
considers that there is always a minimum corresponding to the 
catenary : see his Vol. ii page 276. Stegmann does not discuss 
the problem : he barely alludes to it on his page 187. 

60. It is convenient to begin with the particular case in which 
the given points are equally distant from the axis ; to this par- 
ticular case some previous writers have practically restricted them- 
selves. 

Lot the distance of each given point from the axis be 6 ; and 
let 2a be the distance between the points. Then we assume for 
the equation to the catenary 

so that c has to be found from the equation 

5 = 5(.? + .-") (1). 
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We have then in fact to detonaine if the last equation gives 
a real value or real values for c. 

p,|., Denote - (c*^ + e~*~) by (c) ; regard o as a constant and c as 

a variable. Then we see that ^ (c) is infinite both when c = 0, 

and when c=x. And ._^ ^ 

2f (c)='er + e-? -"(«?- eV) ;...„ (2). 

From (2) we can shew that <^'(c) vanishes once, and only once, 
as c ranges from zero to infinity. For by expanding we get 



f.(«)-l-2„.-[ic-f----|;25 ?r— ■' 

BO that ^'(c) is negative infinity when c is zero, and is unity when 
c is infinite, and changes sign once, and only once, as c passes from 
zero to infinity. And ^ (c) has its least vSdue when ^' (c) = 0. 

If then the given value of 6 be greater than the least value 
of ^ (c) there are two values of c which satisfy (1) ; if the given 
value of b be equal to the least value of ^ (c) there is only one 
value of c ; if the given value of l be less than the least value 
of ^ (o) there is no possible value of c. 

It has been found that the value of - which makes 



18 approximately - = 1-19968...; and then it foUows from (1) 

that - = 1-81017...; and therefore - = 1-5088. ..; see Dienger, 
c a 

and Moigno and Lindelof. Thus there are two catenaries satis- 
fying the prescribed conditions, or one, or none according as - is 
greater than, equal to, or less than 1-5088. 

61. Now we pass to the question whether corresponding to 
a catenary the surface generated is a minimum. We know that 
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to ensure a minimum the tangents to the catenary at the fixed 
points must intersect above the asis of x ; see Art. 29, 

From symmetry the two tangents in the present case will 
intersect on the axis of y. 

The equation to the tangent to the catenary at the point 
(.,6)i» 



tijis crosses the asis of ^ is J — pa, that is 

I (;+.-•) -I (,?-.-?). 

And it is ohvious from our discussion of the value of ^' (c) that 
the above expression is positive for the larger value of c obtained 
from (1) and negative for the smaller value of c. Henee when 
two catenaries can be rfhiwn the upper catenary corresponds to a 
minimum and the lower does not. When only one catenary can 
be drawn it does not correspond to a minimum. 

The result for this particular case had been obtained by Moigno 
and Lindelof : see their page 210. 

62. We shall now discuss the general problem. 

Let 6 be the distance of one given point from the axis of x, 
and k the distance of the other. 

Let the axis of y be placed midway between tbe given points ; 
take a for the abscissa of the former given point, and — a for the 
abscissa of the latter. Then we take for the equation to the 
catenary 

y = |(e~ + «""). 

where n and c have to be found from the equations 
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From (3) we obtain 

€« (ec - e"*^) = he' —ke'' 

(4). 

And from (4) by miiltipUeation 



7-(ei'— e e) = (6e^^~ Ae''0 (^«" 



Thus we have eliminated n and obtained the equation (5) for 
determining o : we have now to examine if this equation gives a 
real value or real values for c. 

Let tf> (c) stand for 

3-(e«-6~"'^) ~(be' ~Jce~') {ke^ — be~'). 

Then >j> (c) is infinite when c is zero, and is 4a' + (J — ky when 
c is infinite. 

We shall find that f (c) 



The factor e* — e « cannot change sign, Tlie other fact' 
^' (c) becomes by expansion 

(fit - *^' 

( ? c' lli UJ ■■■■ c"* l|2?i.'' |2w+lj • 

If hk is not greater than — then ^' (c) never changes its sign ; 

and the least value of <^ (c) is when c is infinite ; as this value is 
positive it follows that ^'{c) cannot vanish. If bk is greater than 

-^ then if>' (c) changes its sign once, and only once ; so that <j> (c) 

has a coiTesponding minimum value, and according as this value is 
negative, zero, or positive we have from (5) two values of c, or one, 
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63. We now pass to the question whether corresponding 
to a catenary the surface generated is a minimum. As before we 
must determine whether the tangents to the catenary at the fixed 
points do or do not intersect above the axis of x. 

Let Pi stand for the value of -~ at the point {a, b) ; and p^ for 

tangents are respectively 

J, _ 6 = p^(x~ a), y~k =p, (a: + a) ; 
at the point of intersection 

y — h + p^a _Pj _ 
y-k-p^a p^' 

therefore y J-P,P. + ¥.-¥, ^ 

^ Pi~P» 

By using (4) we obtain for the equation to the catenary 

1 f £ « " ? i! -? 1 

y = -h'{h^-ke f) +e " {ke'—be «)L 

■where \ stands for e'= — e •> . 
Hence we shall find that 

ub -2k: 2& - Ilk 

^^ XT' P^ = ^^- 

where fi, stands for e^ + e~' , 



We have now to examine the sign of Sap,^, + kPi' 
From the values of^, and^j, we obtain 
2iJ.bk -2(b' + fc') 



kpj — Jpj = - 



Pit 



_ 2ft.(b'' + k^-{4i + lJ.')hk 
Vc" 
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written 
(6' + F), 



But equation (5) may 



2apjp^ + ^Pi - ''Pi = 2" - A"^ ■!■ —^ • 



and 

so that 

Now from our investigation of the value of tf)' (c) in Art. 62 it 
follows that when there are two admissible values of c the expres- 
sion fia+ —-^— is positive for the greater value of c and nega- 
tive for the less ; and when there is only one admissible value 
this expression is zero. Hence when two catenaries can be drawn 
the upper corresponds to a minimum, and the lower does not. 
When only one catenary can be drawn it does not correspond to a 
minimum. 

We may remark that the two catenaries which present them- 
selves in this problem correspond to the figure which a uniform 
endless string will assume when hung over two pegs. 

64. We shall now consider a discontinuous minimum which 
always exists. This has been noticed by no writer, I think, except 



-V 



Goldschmidt ; he briefly adverts to it, but does not shew that it is 
a minimum. 
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Let A and B be the given points ; A and BD the perpen- 
diculars from them on the axis. Then the discontinuous solution 
is furnished by taking the generating curve to consist of AC, CD, 
and DB; so that the surface consists of the two circles having CA 
and DB respectively for their radii, connected by the straight line 
CD : this connecting part may be conceived to be an infinitesimally 
slender cylinder. 

We shall hereafter consider the origin of this discontinuous 
solution ; see Art. 68. 

65. It is very easy to shew that the proposed solution really 
^ves a surface of minimum area. Let the dotted line in the 
diagram represent a closelj/ adjacent curve. Set off from A along 
.4Cand along the dotted line equal infinitesimal lengths. Let PQ 
and pq be a corresponding pair. Then it is plain that PQ vrill be 
rather nearer to the axis of revolution than pq is ; and so pq will 
generate a somewhat larger element of area than PQ wiU. In like 
manner if we set off from B along BD and along the dotted line 
equal infinitesimal lengths we find that the element of the dotted 
line generates a somewhat larger element of area than the element 
of BD does. And CD generates no area, while any element of the 
dotted line in the neighbourhood of CD does generate an area 
since its distance from CD is not absolutely zero. Hence we see 
that the dotted line generates an area which is certainly greater 
than that of the proposed discontinuous solution ; in other words 
.the discontinuous solution really ii 



66. The same result may be obtained by the ordinary methods 
of the Calculus of Variations. 

In order to avoid infinite quantities we will use polar co-ordi- 
nates. Suppose the initial line parallel %o DC; let A; be the dis- 
tance of the origin from DC; and let the vectorial angle increase 
m the direction from A towards B, Then the integral we wish to 
make a minimum is 

tVie limiting values of the variables being fixed. Denote this 
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r' + Ij-q) ; also put p for ^ 
Then to the first order 



This tranafonns into 



pSr + IJ-i' 






The term outside the integral sign vanishes, for Sr=0 at the 
points A and B ; and although hr is not zero at the points C and 
D where we have discontinuity, yet at these points k — rs\a.d = <i. 

We have now to detennine whether the term in hu which is 
under the integral sign vanishes for every point of the discou- 
tinuous line which is under examination. 

Consider the part CD; here £ — rsin^=0, so that the co- 
efficient of hr reduces to 

- tism 6 + '- -^ ^ — -' , 

V 

,, , . , pr cos 3 — r* sin 6 
that IB to ^-— — . 

Now when h = rsm0 we get p — — r cot 6, ao that the co- 

efficient of &■ is — — : — ^ , which is a negative quantity and not 

zero ; but along CD we have tr necessarily negative, since there is 
obviously the implied restriction that the generating curve shall be 
above the axis of x, or, which is the same thing, that the surface 
generated shall be taken positively. Hence as tr is negative 8« is 
positive so far as the elements arising in connexion with CD are 
concerned. 

Next consider the part AC; here we have rcos6 = a con- 
stant = I say. This gives p = - — ^^ , v = —s-x . Thus the co- 



, Google 



MINIMUM SURFACE OF REVOLUTION. 

efficient of Sr becomes 

_ ^ (kcos — 1 sin 0) sin 
(16 cos d 



- i sin fi 



<? i (1 — cob' ( 



Similarly Sw is zero so far as the elements arising in connexion 
with BD are concerned. Thus on the whole we have Sit a positive 
quantity of the first order, and so the proposed solution is really a 



67. Thus so long as we consider a curve which is a 
the discontinuous line but which differs from it through the whole 
extent, we are sure of a minimum without examining the terms of 
the second order in the variation. But if we do not vary the part 
CD our conclusion that ha is a positive quantity of the first order 
does not hold ; so that we are interested in examining the terms of 
the second order in Sk. 



These terms consist of 

1 
2 



1 r fj- -2rsinfl ^ {h-r^n&)£\ ^^^j, 



, [k-T smO 



i^try^l^:^^^\d0 



1 nk-rsmff){phr-rhpf ja 

The second of these two terms is never negative. We will 
transform the first term, We have 



jl^BrSpde = il!ryfJ!!^-jSr 



de[ 
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therefore 
2f 



2Jl^^-hrSj,M = lBryI^-jl!ir)-^^(I^i^d0. 



Thus the first terra becomes 

rsiaff 1 d psinB -, , 
Now for AC the expression -^ Zddv^ ^^'''■^''^™ 

smecoa5-|^sin''fl, that is to zero; 

and similarly for BD it also reduces to zero. 

For CB this expression reduces to 

sin'^ + s TflCOS^ain^, that is to g. 

, .f >s psin^ .„ 
The term outside the integral sign, namely, - (8r) ■ ' ^^ , will 

not vanisli at C and at D, for ^ has two values at C and D by 

reason of the discontinuity, namely, -'^ = sin 5 along AC, and 

P = - cos 5 along CD, and then ^ = - sin along DB, tliat is from 
V « 

J) towards B. 

Let r, and fl, be the co-ordinates of C, and r^ and 0^ the co- 
ordinates of D. Then finally we get for the terms of the second 
order in 5w 



1 fh 



where the last integral extends over the whole discontinuous liac 
from A to Ji. 
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Now we cannot assert tbat this expression of the second order 
is always positive ; but we do not require that it should be so : for 
by the preceding Article aU we require is that this expression 
should be positive when hr is supposed to vanish along CD. In 

this case 5r, = 0, Srj = 0, and I {Brydd^O; so that tlio expres- 
sion is positive. 

68. The question may be asked whence does this discon- 
tinuous solution arise 1 The reply is that the part CD present 
itself in accordance with the general principle of Art. 17; for 
along that line Si/ is not susceptible of either sign. The two parts 
AG and BD are implicitly involved in the fundamental differential 
equation of Art. 58, namely 

- = constant ; 



V(l+p')" 

inasmuch as p equal to infinity, combined with the constant equal 
to zero, may be considered as a solution of the equation. 

63. The conclusion of the investigation is as follows; the 
problem enunciated in Art. 57 always admits of a certain discon- 
tinuous solution, and soinetimes admits of a certain continuous 
solution. When both solutions are admissible we shall f^nd that 
sometimes the discontinuous solution is the less of the two, and 
Bometiuies the continuous solution. 

If the two points are very near each other and at a great 
distance from the axis ol x it is plain that the proper catenary 
will give a less surface than the discontinuous solution. If the 
given points ai'e so situated that the two catenaries nearly coincide, 
the discontinuous solution giv-es a less surface than the proper 
catenary. For let S denote the suifa«e generated by a portion of 
^ catenary extending from the lowest point to any point P efc 
the tangent to the catenary at P meet the asL-i of a; at a point T 
the abscissa of which is ^. Let X denote the surface generated 
Ijy the revolution of P 2" round the axis of x." Then it is known 
that 

S = S + 7rcf. 
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f being considered positive or negative according as P and T are 
on the same aide of the axis of y, which ia supposed to pass 
through the lowest point of the catenary, or on opposite sides 
of it. See Moigno and Lindeldf, page 212. Hence it will follow 
that the entire surface generated by the revolutioo of an arc of 
a catenary round the axis of x is greater than, equal to, or less 
than that generated by the extreme tangents according as the 
intersection of these tangents is below, or on, or above the axis 
of X. The aurface generated by the tangents is of course greater 
than that generated by the extreme ordinates, that is greater than 
the discontinuoua minimum surface. 

If the numerical values of the extreme ordinates are given in 
any case, as well as their distance apart, we can by numerical 
calculation find the approximate value of c if there be a possible 
value ; then calculate the surface : and so determine whether the 
continuous minimum is greater or less than the discontinuous 
minimum. 

70. We have spoken throughout of a minimum surface. It 
is sufficiently obvious however that there must be a least surface ; 
and as no other solution can be found there is no doubt that thy 
least surface is one of the two minimum surfaces when both these 
exist ; and when the discontinuoua minimum is the only one that 
exists it is the least surfece. 

71. The preceding problem gives a simple natural illustration 
of the general principles which we have laid down ; see the re- 
mark III. of Art. 14 and also Art. 18. 

72. An important part of the preceding investigation con- 
sists in shewing that when the two catenaries coincide the tan- 
gents at the fixed points intersect on the directrix. We may 
easily establish this result independently. 

Let the equation to the catenary be 

c , ^.t? _?±», 
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let the absciasse of the fixed points be a and h, and the correspond- 
ing ordinates h and k: so that 

6-1 («"-*" 

..(1). 

*-!(- 

We require that (1) should be trne also when c and n receive 



Then from (1) 

SSo - (« 4- n) -f- (o) & - c-i' (o) 8» - 0, 
Bo -{h + v}^ (ft) Sc - e^ (ft) S« - ; 

fc,efo™ |l>±4±M.'i'#; 

ft-(ft + »)V-(i) +(/.)' 

therefore i^i) (o^ (o) - S) - ^ (a) (ftf (ft)-j!J (2). 

But the equation to the tangent to the catenary at the point 

{^. j) is 

y,-y = ^{x){x^-x). 

where ar, and ^^ are the variable coordinates. Therefore at the 
intersection of the extreme tangents we have 

S,-li + l,'KI,) ^(ft)' 

In order then that y, may be zero it is necessary and sufficient 
that 

t(ft)(^(o)-i)-,K.)H^(ft)-ft|; 

and this agrees with (2), Thus the required result is established. 
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CHAPTER V. 



MAXIMUM SOLID OF REVOLUTION. 



73. To determine a solid of revolution the surfece of which 
is given, so that it may cut the axis a£ revolution. .at given pointa 
and have a maximum volume. 

This problem has given rise to- some discussion and contro- 
verey, as will be seen by consulting the volumes of the Fliiloso- 
phical Magazine for 1866. I shall repeat with brevity what has 
already been established with respect to the problem, and then 
proceed to additdonal investigations. 

Adopting the usual notation we have to make tt I j/'dx a raaxi- 

raum while 2Tr I y s/'{\ +p^ (fe; is given ; the Imiting values of 

the variables being fixed^ Thus by the usual method we require 
the maximum of 

where a is a constant at present undetermined. Denote the in- 
tegral by w ; then to the first order 



where Jf stands for 






t^V(l+iJ')" 
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By the knowa principlea of the subject we put 
M=0, 
and this leads in the usual way to 

Since the generat[ng curve is to meet the axis of a; we have 
y = at certain points; heuce J = 0, and the equation just ob- 
tained becomes 



{wTf)*"}"'''- 



Thus we appear to have either - ., ^ ■■ ■, - + y = or w = 0. 

If we take -77^-- — j- + v = 0, we obtain 
a ia'—y' 



dy J{W-f)' 

This gives us a circle of radius 2a having its centre on the 
axis of X. But if a circle has its centre on the axis of x and 
passes through two fixed points its radius is determined ; and so 
the corresponding surface of the sphere cannot have a given value. 
Thus we have not a satisfactory solution of the problem. 

This led to the suggestion by the Astronomer Royal that the 
solution of the problem is to be obtained by combining the two 

results; and taking — ^ + y = for part of the required'line, 

and y=Q for part of it. This gives for the solution a sphere which 
IS connected by a straight line, namely part of the axis of revolution, 
with the fixed points. For facility of conception we may consider 
this straight line as an infinitesimally slender cylinder. 
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74. But on examining the proposed solution we find that the 
supposition y = does not make M vanish ; and thus at first sight 
the proposed solution appears unsatisfactory. 

Nevertheless there is no donbt that we have the true solution 
here ; the apparent difficulty is removed by the principle of Art. 18. 
For corresponding to y = the value of Sy is essentially post'iiw ; 
hence we are not compelled to have ilf=0; it will be sufficient 
that M be negative. Now when y = we have M==^ 2a, and 2a 
is necessarily negative, as we see from the equation 



V(l +/) " ' 

which holds when y is not zero. Thus in fact instead of having 
Sm = so far as the first order of small quantities, we have Sm a 
negative quantity of the first order : and therefore a maximum 
is ensured. 

[This remark, which is essential to render the proposed solu- 
tion admissible, was supplied by the present writer ; it was the 
first introduction of the important principle of Article 18 into the 
Calculus of Variations.] 

75. Thus as long as we consider a curve which is adjacent to 
the discontinuous line but which differs from it through the whole 
extent, we are sure of a maximum. But If we do not vary the 
part which corresponds to y = 0, we should have to appeal to some 
other evidence to shew that we have secured a maximum. It is 
however unnecessary to investigate the terms of the second order 
in 5w ; for we may rely on a theorem which is well known, that 
the sphere ia the body which has the greatest volume under a 
given surfece. 

76. The following then is the result : 

Let A and B denote the two fixed points on the axis of revo- 
lution ; then according as the given surfaee is greater or leas than 
that of the sphere having AB as diameter, we have the uppef 
diagram or the lower diagram. The generating curve must he 
supposed to be made up of the two rectilinear portions -40 and 
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BS and the semicircle ODK In the. particular case in which the 
given surfaxie is equal to that of the sphere having AB as diameter 
the rectilinear portions disappear. 

The result may appear strange, at least to any person who 
was not familiar with the considerations brought forward in the 
preceding chapters of these researches : we will make a few re- 
marks on the result. 

It is certain that the sphere is the solid of greatest volume 
within a given surface ; and thus, admitting that our solution does 
fulfil the prescribed conditions, we are certain that it is the 
greatest solid which will do so. 



But an objector might say that he wants the greatest soHd 
with the condition that the generating curve shall have no abrupt 
change in direction, and shall cut the axis instead of partly coin- 
cidmg with it. I reply that nothing can be obtained which differs 
to an appreciable extent from the solution already given. It is 
obvious that we can draw a curve fuliilling the two conditions thus 
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stated aiid deviating iufinitesimally from the straight lines and 
semicircle ; so that the surfaee and the volume will differ only to 
an infinitesimal extent from those of our solution : or if we make 
the surfaces equal the volumes will differ only infinitesimally. See 
the remark HI. of Art. 14, A good method for drawing these 
curves theoretically would fee to employ the propositions which 
serve as the foundation for the expansion of functions in terms 
of sines and cosines of multiple angles. 

77. Abandoning then the attempt to obtain any other solution 
for the greatest sotid than that which we have given, the objector 
may still say that he aska for a maadmum solid among all those 
which have a given surface, the generating curve being constrmned 
to cut the axis and to have no abrupt change of direction. I say 
that it is hopeless to seek for any such maximum distinct from 
what we have given. For there being no restriction introduced as 
to the sign of Bi/ no one will hesitajte to admit that the condition 
which we denote by M= ft must be Batis6ed ; atid thds necessarily 
leads to, 

for the equation M'= & when developed! is 

„ , 2« ^"t „ 



V(l+J)') (l+y")' 

„ 2a'!p -4- 
that is Sy + „?° ±. . „ , 

and as tfiis is to be true for all values of y we may integrate with 
respect toyi ami thus we have 

y + ^>— 



V(l+/) 

Thus we cannot avoid arriving at this equation ; and then we 
must continue the investigation as in Arts. 73 and 74. 
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78. We have assumed in Art. 76 that when the given surface 
is greater -than that of a sphere having .ilB as diameter, the solid 
may stretch beyond the straight lines at right angles to the axis at 
A and B. If however the solid is restricted to lie between these 
straight lines, the solution, is that given in Todhunter's History of 
&e Calculus of Variations, page 410. 

79. Although the problem enunciated in Art. 73 does not 
admit of solution except in the way we have explained, yet con- 
ditions may be introduced which modify the problem, and so lead 
to other solutions. For example, let us impose the condition that 
the generating curve shall never be convex to the axis of revolu- 
tion, in addition to the former conditions of cutting the axis at 
two given points, and having no abrupt change of direction. Sim- 
ple as the problem still is in enunciation it does not very obviously 
appear what the solution will be ; and the remarks now about to 
be made will be confirmed or corrected if readers of the present 
researches will investigate the problem for themselves before con- 
sulting the solution which we shaU now propose. 

80. It will be convenient to change the enunciation of the 
problem to the following, which is of course substantially equiva- 
lent. To determine a solid of revolution of minimum surface, the 
volume being given ;, supposing that the generating curve cuts the 
axis at two given points, that it has no abrupt change of direction, 
and that it is never convex to the axis of revolution. 

81. If the given volume is that of a sphere on the intercepted 
portion of the axis as diameter the required surface is that of this 
sphere ; if the given volume is greater than that of this sphere the 
solution is that given in Todhunter's History of the Calculus of 
Variaiions, page 410. "We have then to consider only the case in 
which the given volume is less than that of a sphere on the inter- 
cepted portion of the axis as diameter. 

82. By the Calculus of Variations every kind of boundary of 
the generating figure is excluded except straight Hues, and curves 
which satisfy the differential equation M=0. At first sight it 
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might appear that every line is excluded which does not satisfy 
the differential equation Jlf = r but on consideration we shall see 
that straight lines are not excluded, because it may be possible that 
for straight lines &/ is not susceptible of either sign by reason of 
the condition which forbids convexity towards the axis. 

Moreover the curves which satisfy the differential equation 
M= do not cut the axis ; excluding the particular case of a semi- 
circle which is here inadmissible : hence we are driven to the con- 
clusion that the portion of the required boundary in the vicinity 
of the axis must be rectilinear. 

83- I propose the following for the solution of the problem: 
Let A and B he the fix;ed points on the axis ; let AP and BQ 




be equal straight lines equally inclined to the axis which touch 
the curve PQI) &t P &Qi Q respectively; and let PBQ be an 
arc of the curve defined by the differential equation 



=r + c- 



where a and c are constants. The constants must be taken bo as 
to ensure the tangency at P and Q, and to make the volume gene- 
rated by APDQB have the given value. Moreover there is a 
certwn condition to be satisfied which we shall investigate pre- 
sently; this condition connects the constant a with the ordinate of 
P and Q, and the inclination of PA and QB to AB. 

This condition is ^i = -5- cos /3, where y, is the ordinate of P or 

of Q, and /3 is the angle of inclination of AP or BQ to the axis 
A3: see Art. 85. 
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It will be observed that the constant c* corresponds to the — b 
of Art. 73, and that the present constant a corresponds to the - a 
of that Article. 



84. We proceed to shew that in the way just stated we do 
obtain a minimum value of the surface. It will be seen that the 
differential eq\iation for determining PDQ is a first integral of 
the equation M= 0. 



Let 8 denote the surface generated ; so that 
then to the first order, 



Z8= -77=^-%, +2Tr wi.-'-r/'i --,- -77-, — j, f 



+ 2^/1^,4^ yi~,\hydx. 



where q stands for -/- ■ Both parts of the expression for hS are of 

course to be taken between limits. Now by means of the equa- 
tion to PDQ we find that the coefficient of hy under the integral 

sign reduces to ^ for the part PDQ of the boundary. For the 
rectilinear parts q=(i, and so the coefficient of Sy under the inte- 
gral sign reduces to ttt-, — k • 

The term in ZS which is outside the integral sign vanishes ; 
because A and B are fixed points, and at P and Q the straight lines 
tovch the curve. 

Thus hS consists of — iyZydx for limits corresponding to PDQ 
ftud of 27r I ^ — ^ for limits corresponding to-4P and£^; that 
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is we may say that SS consists of — ■ I^Sy dx for limits 

iiig to the whole line together with 27r ij , —^iSi/<^x for 

limits corresponding to APand BQ. 

Now since the volume of the solid is given wc have 

so that to the first order of small quantities 2x \ytydx = 0. Thus 
finally S:S reduces to 2^ iJ— -j ^ — -^ Sy(?a: over limits corre- 
sponding to AP and BQ; and in order to ensure a minimum it is 
therefore essential that this expression should be zero or positive. 

85. Let (3 denote the angle between AB and AP ; then 
along AP we have -jj:: ^ = cos /3. 

Let y, denote the ordinate of P. Suppose ^, such that 



Then it is obvious that if we taJte S^ proportional to y we have 

ifcos^ — ^) hydx = (), for limits corresponding to AP. For if we 

put Sy — fiy, where ft is a, constant, the value of the integral 

between the limits corresponding to AP', is /i{— — g |*- J > 

that is zero. And we shall now shew that the integral will he 
positive for any other supposition respecting Sy consistent with 
the condition that there is no convexity. Throughout when we 
speak of taking S^ proportional to y, we mean that it is so along 
AP OT BQ; for other parts of the boundary Sj/ may be taken as 
we please. 
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Fur let ALIK be a curve obtained from the straight line AP 




by ascribing admissilile values to Bi/: so that tlio curve has no 
convexity towards the axis of revolution, and no abrupt change of 
directioo. 

Let A¥= - AP. Draw FH parallel to the axis of y to meet 
the curve at H, and draw the straight line AHG. 

Now if h'g relate to the straight line AHG we have Sy pro- 
portional to y; and then Ifeos^ — -) ty dx for the limits with 

which we are concerned ia zero; that is \{-^ — y\hydx is zero. 
Hence we shall find that if By relate to the curve ALHK we must 
have a positive value for If -^ — y\ By dx. 

For now there is a gain of positive elements corresponding to 
the area between AH and ALH; there is a diminution of nega- 
tive elements in having HIF instead of HFPQ, that is a relief 
from the negative elements corresponding to the area HIPCf; 
and there is a gain of positive elements corresponding to the 
area TKP. 
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The preceding diagram supposes that FH has to be drawn tup- 
wards to meet the curve ; if FH has to be drawn downwards we 
have such diagrams as the following : 




In both cases the integral j(-^^ —y\ Zt/dxia zero when Sy re- 
lates to the straight line A G ; and hence we shall find that the 
integral is positive when hy relates to the curve AHK. 

For in the upper diagram there ia a gain of positive ele- 
ments corresponding to the area ALI, a gain of positive elements 
corresponding to the area HKG, and a relief from the negative 
elements corresponding to the area AIH. 

In the lower diagram there is a gain of positive elemeots 
corresponding to the area HKG, and a relief from the n^ative 
elements corresponding to the area ALH. 
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86. Thus we shew that for the line APBQ we have to the 
first order B8 always positive except in one particular case, and 
then B8 is zero. Such a result is as much as can be obtained in 
most problems of the Calculus of Variations; although strictly 
speaking in the case in which BS is zero to the first order we 
ought to examine the terms of the second order to be absolutely 
certain of a minimum. I shail return to this point at the end of 
the present chapter. 

Of course even when we have secured a Tninimum the result is 
not necessarily the least which is possible ; but in the present case 
I think there can be little doubt that our result is really the least. 
There must obviously be some least value ; and the boundary must 
be composed of a straight line or straight lines and arcs of tho 
curve determined hy M = 0; and I believe that with due consider- 
ation every combination of these admissible elements, except that 
which we have adopted, will be excluded. 



87. Let us now examine more closely the equatio 



which we have obtained for determining the points P and Q. 



It is well known that the equati 
2ay 



V{1+/) 



=r+c 



belongs to the curve traced out by the focus of an ellipse as the 
ellipse rolls on the axis of x. See a memoir by Lindelof in the 
Acta 8oc. 8ci. Fenn., Helsingfors, 1863. The major axis of the 
rolHng ellipse is 2a, and c' = a'{l — e*), where e is the eccentricity, 
ihe curve thus generated is partly concave towards the axis of x, 
*nd partly convex. The distance from the axis of the highest 
pointisa(l + e). 
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We are here concerned with the concave portion. If p he the 
radius of curvature at any point of the concave portion we have 



Thus at the points P and Q since the curve touches the straight 
lines we have 



Now the radius of curvature at the point of the curve which is 

most distant from the axis of x will be found to be — ; and 

at the point of inflexion it is of course intinite. Thus we require 
that the value 3a should lie between ^ ~ and infinity ; that 

is e must be greater than = . 

We may determine the value of y,. Substituting in the 
equation 

we obtain -^ = 1/^ + a' (I - ■e') ; 

therefore y,^ = 3a^ (1 -- i). 

If e = ^ we have y^=-^ , and. therefore cos /3 = 1. Thus when 

1 . p 

e = -gthe straight hues AF and BQ coincide with the axis ot 

revolution, so that the volume and the surface vanish. This is 
consistent with what we have already found, namely that „ is a 
limiting value of c. 
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88. Hence the following is our 
curve defined by the equation - 



of solution. Take a 



^=!,' + a'(l- 



iTid draw 



V(i+i>') 

tangents at the points for which the radius of curvature is 3a ; 
then we have to fulfil the following conditions : these tangents 
must intersect the axis of x at given points, and the solid gene- 
rated by the revolution of the figure round the axis of x must have 
a given volume. The conditions must servo for determining the 
constants a and e, aa well as the constant which may be conceived 
to arise from integrating the differential eijuation to the curve. 
But practically we shall not be obliged to pay any reganl to the 
constant introduced by integrating, since we may suppose the 
origin to be at any point we please in the axis of revolution. 

89. Although we have now carried the solution as far as such 
solutions are usually carried, yet we will continue the investigation 
and shew that the conditions by which a and e are to be deter- 
mined can always be satisfied. 

As the relation between x and y for the curve PDQ cannot be 
exhibited explicitly, we have to adopt an indirect method. 

Let AB = 2/i ; then 

^^y^cot/S + C""^"^. 

I intend to shew from this equation, in which A is a fixed 
quantity, that a and e increase together. 

Try," cot g ("^^^'^y'dy 

Then 2 V denotes the volume of the solid generated by the 
revolution of our proposed boundary. I intend to shew that as a 
and e increase V continually increases, so that we can make our 
volume equal to any assigned volume lying between zero and the 
volume of the sphere having 2h for diameter. 



Let 



V- 



fO. We have 



1(1-^- 
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Asp=0 when jr = a (1 + e) we shall find it convenient to change 
the independent variable from y to y in our integrals. 
From the equation 

the upper sign applies to the part of the curve with which we arc 
concerned: thus 

dv v L 1 1 

Therefore 






(1+/)^ 1 Je' [I + p') - p') 

Let X denote the expression under the integral sign ; and let 
L be the value of L when p = tan ^. Let Sn and Se denote simul- 
taneous indefinitely small changes in a and e consistent with the 
relation just expressed, in which h is ^ven. We obtain then 



„ k ^ /6a d cos H ,„T 



de ■ 



I shall shew that the coefficient of ?e in this equation is nega- 
tive. 



-T— ^ = - ( 2 COS /3 4 
It will be found that i = 3 cos' jS 
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fat is, --52LPW8,. 

Hence finally 

k. (3a cos'<3 dS ) ^ 
rt (2 sm'^ (/e J ' 

where X stands for the positive quantity 

And -T- is positive for 

. . -dfi it 
sm;3cos^3j=g; 

SO that Sa and Se have the same sign. 
91. Now we have 



0^ J. (l+}>')Ve'(l+p')-p' 



Let -ff denote the expressiou under the integral sign, and let J?, 
be the value of N when p = tanj9. Then supposing a and e to 
receive infinitesimal changes, and denoting by SFthe consequent 
change in V, we have 

HV-^^s^j-P""' ^ cos'a ,„(JtanS\(J/3. 



•^r'f" 



Now ^g_ «U + y°'a+p')-y'l'|27y(TT7Pv-ll 

■i" (H-p-)«|,-(i+y)_^.|t 

The sign of this depends on the sign of the factor 

2jc'(i + p')-p'-l; 
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tliis expression vanishes when p = tan ;8, and increases as p dimi- 
nishes, so that it is always positive. 



-f4cos'y3+^^'). 
V "^ sin* /S/ 



Thus the term involving -j-Se is 



Hence g7=-ga+(-g- ^-^.^ c 
where ij stands for the positive quantity 






In the expression for SV let us put for i 

Sa, and also the value of -r- 
de 

preceding Article ; thus we get 

SF- Jir J. StA^'c (3 sin' 0-1) + 2hv sin ;3 tan' ^ \ Za 
'"^"T'^"^ 4ae + 2A. sin /Stan';? J «' 

92. I shall now shew that V continually increases with a ; 

dV 

that is that -v- is always positive. Of course we need only con- 
sider the case in which sin'jS is less than ■= ; for when sin'^ is 

1 dV 

greater than § we have -j— necessarily positive. 



where ^ (e) involves only e, and ^, which is a function of e. 
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Hr/ sin' fi 



Stt (3 siu' 0-1) 
[And ^(.)= 



where f (e) = ^"^ ,, . ■ /" sin'^. 

Therefore, substituting the value of Kfrom Art. 91, we have 

then, substituting the value of k from Art. 90, we obtain 

Now 3co3'^-l = 2-3sin*/3; and this is positive since sin'/3 
is less than - . 

Also m ~ i is positive ; for the sign of this is the sign of 

4 |1 + ^e'il + p'j-p'Y - (1 + /) ; 

and between the limits we have to consider 1 +p^ is less than 

1 3 

— TTiJ tbitt is less than t^. 
cos'^' 2 

Hence --j- is positive. 

The above demonstration is substituted for that which was 
originally offered. In the original demonstration a property of 
a'^ («) was employed, and as this property may be of use it will 
be given in the next Article. The reader who wishes to avoid an 
interruption to the reasoning may pass on to Art. 94,] 



T(3sin' /3-l)cos'ff 2^ 



93. We have a*^ (e) = 



sin'^ 


ea' 
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We shall find that as e increases the denominator continually 
diminishes, and the numerator continually increases until sin'^ 

is greater than ^ ■ 

First consider the denomiuator. 



da 

sarily negative, except that which arises from the variation of the 
upper limit in the integral involved in the value of X ; the term 



dR 



which thus arises is 



_d0 de 
i de da' 



that is 

, dR 



16 dS de 
a" cos (9 de da' 



that is. 



But -T- besides other negative terms has 
da 

4 d /■cos°/3^ d0 de_ 

(I* d^ \8in° (3/ de da ' 

8 cos sin' /9 + 12 cos' d0 de 



de da' 

and this negative t«rm more than counterbalances the positive 
term just given; for (8 cos ,8 sin' ^ + 12 cos' j8) cos ^ is greater 
than 16 sin* ^, provided sin'^Q is less than ^. To shew this we 

must compare cos* /3 {2 + cos* /9) with 4sin'/3; we shall find that 
cos*0(2 + cos*/S) -48iii*^ = 3-4sin'|3-3sin*j3, and this is 

positive since sin* is less than s • 
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Next consider the numerator. 

where x is put for Ji (1 4-^^) -p^. 

The integral certainly increases with e if ^ ' ^ ^ ~ ■' 

increases with x. 

Now (i.t£)M!£zi) = 2 +5- i ■ 

X^ X x^' 

the differential coefficient of this with respect to a; is ~ — f— ■ , 

which is positive ; for ic' = e' — (1 - e^ p* and ia therefore less 
than unity. 



And 

= - 3 sin ^ -t 



3sin°ff-l)cos'j3 _ (3^9in^_- l)(l-sin'ff) 

_4 1_ 

^ sin ^ sin' ^ ' 

the differential coefficient of this with respect to /S is 

C03ji? (3-4sin'<3--3sin'j3) . 
sin' ^ 

now this is positive when ^=0, and does not change sign so long 

as sin' ,8 is less than ^i in fact not until sin'^ is greater than 5. 

Thus denoting the numerator of ct'^ (e) by T we have shewn 

tnat IS positive. 

dV . 
94. Thus we have sliewn that —j- is always positive. If this 

had not been established we should have been in the following 
position ; instead of knowing that V continually increases from to 

'~^ , we could only assert that V changes from to -5— ■ Thus 
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the same value of Fmight result from different values of a; and in 

consequence corresponding to a given volume there might be more 

than one minimum surface. In general we should expect that 

these suifaces would differ in area, so that although both or all 

were minima surfaces every one could not be the least. This result 

would not be in any way repugnant to the principles of the Cal- 

dV 
cuius of Variations. However by our demonstration that ^— is 
■' da 

always positive we see that our solution is unique. 



95. As we have already stated the extreme c 
tion is that in which we have for the generating cu 



s of our Bolu- 
e a semicircle 

on the given part of the axis as diameter; see Arts. HI and 89. 
When the given volume is greater than corresponds to this 
case the required solution is that given in Todhunter's History of 
the Calculus of Variations, page 410. We shall however now add 
some remarks similar to those in Arts. 89. ..94, in order to shew 
that the conditions relating to the constants can be satisfied. 

J)G. The boundary which we arc now alwut to consider is 









_2 


"->_ 






/ ■^ 






\ 


''~"^-v 


/ 








/ 




n 






0' 


^ 






t 







i of two equal straight lines AE and BF, and the curve 
EDF. The straight lines are at right angles to the axis at the 
given points, and they touch the curve at the points E and f- 
The curve is determined by the equation 



where a and c are constants. 



..(1). 



, Google 



MAXIMUM SOLID OF REVOLUTION. 89 

The curve is traced out by the focus of an hyperbola as the 
hyperbola rolls on the axis of x : see tlie memoir by Lindelof, 
already cited in Art. 87. The curve consists of an endless repe- 
tition of portions like that in the diagram, HG is the tangent 
at ff, and is equal and parallel to AE. 

And c' = a° (e^ — 1), where e is the eccentricity of the hy- 



Moreover the following relations hold : 

CZ> = a{l + e), AE=c = a^l{e^~-V), 

^B=2(H-2ap"' V(l-e'sin'^)(;^, 

il7. We take AB to be fixed, and we shall shew that a and e 
increase together; and that as they increase we obtain a set of 
boundaries like AEDFB the curved part of each of which is out- 
side that of its predecessor. 

Let AB = 2^. When c = the boundary consists of the semi- 
circle 

d'hr"' '''• 

Fi-om the general formuiaa of Art. 96 we have AB-^AG = ^a', 
and as AB=2k we have 2A less than ia, and therefore A less than 2a. 

The curve (1) begins by being above the curve (2) at the points 
ni the neighbourhood of A and B. Suppose if possible that (I) 
S'fld (2) could intellect. At the points of intersection nearest to 
the axis of a let^, be the value of p for the curve (1), and p^ the 
Value of^ for the curve (2), that is for the semicircle. Then p^ is 
greater than p^ ; and as the curves intersect we have at the com- 
mon point 



V(H-?,') V(r+y?)" 
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But tliis is impossible ; for by what has been shewn - ,,, ,, : 



va+^;)" 



Thus aiij curve given by (1) with the relations of Art. 9(t is 
outside the curve given by (2), 

98. We have thus coinpareil the curve (1) with the curve (2) ; 
we now proceed to compare together two curves determined by (1) 
with different values of the constants a and e. 



k=a + aj V(l- 
we have 

= -S(i-«eSe /""'"' 



V(l-e'siu^^)' 

this shews that 8a and Se have the same sign, so that a and e in- 
crease together. Therefore of course c also increases with a, for 
c' = <.'(e'-l). 
Now take the two curves 

2a,y _ 5 5 

and ■■■ ,,, " - . = u' — c " ; 

suppose a, greater than a^, and therefore c, greater than c^. Then 
the former curve is above the latter at the points in the neighbour- 
hood of E and F; and so by the method of argument already used 
in Art. 97, the former curve is entirely above the latter for the 
portion with which we are concerned. 

Thus we see that as a increases the volume generated hy the 
revolution of our boundary continually increases ; and so a 
boundary exists for any assigned volume which is greater than 
that of a sphere having AB as diameter. 
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99, We may establish in another way the result obtEuned in 
Aiis- 91. ..93, namely that when the volume is less than that of 
the limiting sphere the volume continually increases with a. 

We have , ,., "^ ,, = «" + c', 

where c° = (*"(! — e'). 

Now if c decreased as a increased we should see by the method 
of argument used in Art. 97 that the two curves 

could not intersect during the range of values with which we are 
concerned, that is the range between the points P and Q of the 
diagram of Art. 83. 

For suppose a^ greater than a^\ then e^ is greater than e, ; 
4 4 

thus n (1 — O is less than s (1 — O- ^^^ ^'^ *^^^ angle of inclina- 
tion of AP to AB is greater for the curve corresponding to a, and 
e, than for the curve corresponding to a^ and e^. Hence at the 
points in the neighbourhood of P and Q the former curve is ahove 
the latter curve. 

Then if the two curves could intersect, we should have at a 
common point, as in Art. 97, 

W+p!) '"'' V(i+y,') ' "' ' 

hut, as Pj is less than p^ at the lowest point of intersection, if c, 
IS less than c^, the left-hand member of this supposed equation 
Would be greater than the right-hand member. Thus the curves 
could not intersect. 

de 

- ~ "- -■" *-"i, T- r- 

da 

Therefore as we approach the limiting case of the semicircla for 

'he generating curve, the curve for which a and e have specific 

Values is necessarily inside the curve for which a and e have in- 

finitesimally greater values. 
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If it be possible let a, aud e, denote such simultaneous values 




of a and e that the corresponding curve is entirely inside the curve 
for which the simultaneous values are a, + 8a, and e^ + Se„ while 
it is intersected by the curve for which the simultaneous valuea 
are »,— Set, and e, — Se,. The last curve is bekm the curve cor- 
responding to o, and e, both at the vertex aud at the points iu 
the neighbourhood of F and Q, where the curve touches the 
straight lines ; lience the supposed iutersections must be at points 
intermediate between F and Q aud the highest points. But this 
is impossible, for when Sa^ and Se, are small enough the curve 
corresponding to «, and e, would intersect the curve corresponding 
to o, + Ba, and e, + Se, at the same point : but by supposition the 
last two curves do not intersect. 

100. It is obvious that the whole problem illustrates our 
principle that discontinuity arises from a condition imposed. In 
Arts. 73... 79 there is a condition implicitly imposed, namely that 
the generating curve is to be entirely on the positive side of the 
axis. In Arts. 80... 99 we have the condition of concavity ex- 
phcitly introduced, 

101. I proceed now as stated in Art. 86 to consider whether 
8 is really a minimum. 

If we ascribe a variation to the rectilinear parts of the boun- 
dary we are certain that 85 is a positive quantity of the first order, 
except in one particular case in which hS to the first order is zero. 
We will now apply Jacobi's method. 
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102. let u~iH!/'</{l+p'^- -tdx, the mtegral being ieksn 

between fixed limits ; and suppose that we transform by Jacobi'a 
method the terra of the second order in Bu. 

In order that there may be a maximum or minimum value of 
u we must have 

7(i^)='^'' ''^' 

then xr.j-^ + 0^ (2). 



Here c, and c^ are arbitrary constants. 

Suppose p found from (1) and substituted in (2) ; then (2) 
becomes the relation between x, y, c, and Cj, which is equivalent 

to the equation y =f{x, c^, cj of Art. 2.7. Hence to find -/- and 

df 

dc' 



- , we have from (2) 



1 iff 



dc^ ^ j p^ dc, ■' 






From (1) we have 



(l+/)Sa 



rfc, 2a J yp* ^ 
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Hence the value of z required in Art. 25 is theoretically found. 
Although we cannot express -/- explicitly in finite terms yet the 
form given for it will suffice for our purpose. 

103. Now if we extend the process of Art. 84 so as to include 
terms of the second order, we shall have 



IS=^1T 



ilv(i+j 



ff y{hpf ^pBpZy (gy)'K^ 

where the former integral extends over the rectilinear parts of the 
solution, and the latter integral over the whole solution. We are 
concerned now only with the latter integral. By Art. 23 this 
can be transformed to 



l\l^^[^-i^)'^' 



Now, in the manner of Art. 24, we have 



where m stands for ~A and v for -A; and we are sure of a 

rfc, 
minimum provided that v does not range over all values between 
positive infinity and negative infinity. 

Here ' " ' ' ""'' 



za J yjf ^ 

r ^ its V 

1[ V(l+p')(/p 



in this expression put for y its value in terras of ;> as in Art. 90; 
thus we obtain 
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If p is very small we have 



2aeJ p'l 



Thus if p is indefinitely small and positive, v is negative and 
numerically indefinitely large. 

As -j- is positive v increases with p ; thus two cases exist : 

either v becomes positive before p arrives at the greatest admissi- 
ble value, which with the notation of Art. 90 is tan 0, or v remains 
negative up to the limit, Moreover v changes sign with p. Hence 
in the second case v does not range over every value between posi- 
tive infinity and negative infinity ; and so we are certain of a 
minimum. In the former case however v does range over every 
value between positive infinity and negative infinity ; and so it 
might appear that there is really not a minimum. The inference 
however would be erroneous ; all we can say is that Jacobi's trans- 
formation becomes inapplicable. Jacobi's method is quite satis- 
factory for problems of absolute maxima and minima values, but 
tot for problems of relative maxima and minima values. In the 
present problem we have the important condition that the volume 
is to be constant ; this imposes certain restrictions on By : for 
instance Sy cannot be positive throughout or negative throughout. 

■ 104. Let us take a special case. Suppose 6=1: then 
Put tan 6 foTp; thus 



2a} o 



It will be fotind that 

1 ( 1.1, 
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In this case ^= ^ ; and so v ranges from positive infinity to 

negative infinity while 6 ranges between and^, and again while 
6 ranges between and —(9. Thus if Jacobi's method were ap- 
plicable we should infer that there is not a minimum ; but in this 
case our solution becomes a sphere, which we know gives the least 
surface with a given vohime. 

105, The general value of ;; becomes by putting tan 9 hr p 

- 1 f dd 

2ae J sm a zae J sin' 6 [\ e j \ 

therefore the sign of v is the same as that of 

, { AQ (/, sin'^V^ ,) 

The last integral is always finite ; we may suppose it taken 
between the limits and Q, so that it vanishes with @, and increases 
with Q. Thus if & be positive we see that w is — x when ^ = ; at 

the limit j8 we have cot 6 = cot ^= .1 ^ — :j- , and so the sign of 

V may be positive or negative at this limit according to the 
value of 6. 

106. Suppose the value of e to be such that v = when 
p = tan ^ ; then v just ranges between positive infinity and nega- 
tive infinity. Thus if Jacobi's method were applicable we should 
infer that there is not a minimum ; we shall shew however that 
there is certainly a minimum. 

Whatever be the system of values of 8^ we must have ty 
vanishing at some point or points besides the extreme points; 
otherwise hy would be of the same sign throughout, and this is im- 
possible. Suppose that Sy vanishes for the point of the curve at 
which p = w, take m such that 1 + tnv vanishes at this point. 
Thus z vanishes when p = '^, and does not vanish at any other 
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97 



point. Hence this value of z satisfies the conditions involved in 
the investigation of Jacobi's theorem ; and thus the term of the 
second order in 8S takes the essentially positive form given in 
Art 103. 

107. AVe may observe that our solution is certainly a mini- 
mum when compared with all such solids as have the same vertex 
as itself 

For with this condition we always have By zero when p is 
zero. Hence instead of taking the general value of s we may take 
the particular value Q p, where C^ is any constant, which will 

3uit Jacobi's method. Then — = - , and the terra of the second 

z p 

order in SS becomes 

and this is essentially positive. 

108. The conclusion of the whole investigation is that we are 
sure of a minimum in some cases, and no argument can be drawn 
from Jacobi's method to shew that we fail to secure a minimum 
in any case. 



109. It is easy to verify that j3 
equation of Art. 23. 



= p satisfies the differential 



Put p for s ; thus we get Pp ~ ■,- (Qq), that is 

2p 2pq d 2;jq 

~~^~ (1+/)^ " 3i (1 +/J^ ■ 
e must shew that this expression vanishes. 



Now 
therefore 
therefore 



(1+/)' 



= 3,= + c 



(1 +p')^ 






lience by differentiating we have the required result. 
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We might attempt to get the complete value of z from the 
differential equation, as we thus know a particular value. The 
differential equation is, by Art. 23, 

Assume s=pv; then since we know that 
_dQ dp d'p 



'dil 



r. d'v 



Here Q stands for 



2y 

dx dx dx* 

Q p ^ ' 

dx 



-J- Qp' = constant = 2 (? say ; 
/* dx 



therefore , = 2C f-J,= C I'^^^^dx. 

J Qp J p^y 

This will be seen to be just equivalent to what we found 
before in Art. 102. 

[It may be expedient to draw attention to the precise enun- 
ciation of the problem which has been discussed in Arts. 79.-9* 
and 101. -.108. We have to determine the solid of revolution of 
minimum surface and given volume, under certain conditions: 
see Arts. 80 and 81. The condition, that the generating curve 
is never to be convex to the axis of revolution, is practically 
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equivalent to the condition, that tiic generating curve is always to 
be concave to the axis of revolution : it is this condition which 
constitutes the difficulty and the interest of the discussion. 

At the period of the controversy to which I have referred in 
Art 73, the Rev. Joseph Horner of Clare College, to whom I have 
been frequently indebted for valuable communications on other 
branches of mathematics, suggested to me to undertake the in- 
vestigation of the problem with this condition of concavity. 
I convinced myself then that the solution must consist of some 
combination of straight lines with a curve ; but I did not obtain 
the definite result until I returned to the subject for the purpose 
of the present essay. 

Some further remarks on the problem, which complete the 
application of Jacobi's method to it, will be found in Art. 288.] 
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CHAPTER VI. 

PEOBLEMS ANALOGOUS TO THAT IN CHAPTER V. 

110. I WILL now take another problem which presents points 
of interest similar to those of the preceding prohlem, but which 
involves less complicated analysis. 

Ill; The volume of a solid of revolution which cuts the axis 
at two fixed points A and B is given : determine the form of the 



solid so that the moment of inertia round an axis at right angles 
to AB through C the middle point of AB may bo a minimum. 

Take C for the origin, and CB for the axis of a;. Then the 
moment of inertia of the solid round the axis of y is 

and the volume is tr jy''dx; the limits of integration being the 
values of a; at ^ and B respectively. 

Hence by the usual theory we have to find the minimum of 

the limiting values of the variables being fixed, and a being a con- 
stant at present undetermined. 
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Denote the integral by u ; then to the first order 

Su = fy {y^ + 2^ - 2a^ Sy dr. 
Thus we obtain as the necessary solution 

The interpretation is similar to that given in Art. 73. The 
solution consists of an oblate spheroid found by the equation 

f + 2uP - 2a' = 0, 
which is connected by a straight line, namely, part of the axis of 
revolution, with the fixed points. The constant a must be deter- 
mined so that the volume of the spheroid may have the given 
value. For facility of conception we may consider the connecting 
straight line as an infinitesiinaily slender cylinder. 

There is however this difference : in the present case on ac- 
count of the factor y the value of Su to the first order is always 
zero, for the discontinuous solution, instead of being a positive 
quantity of the first order : see Art. 74- 

112. The term of the second order in the value of Bu is 



J(|s,' + x--o=)(S5)'i>,. 



For the part of the solution which consists of the oblate 
this reduces to 



/?'(«*)' -J 



because here —- + 3;' — ffl^=0. 

For the other part of the solution the term of the second order 
reduces to 



j{x''-a') 



1^) {Zyfix, 
because here y = 0; 
and in this case a? is greater than a" ; hence the aggregate term 
of the second order in Sw.is necessariiy.-;positiv6 ; so that we have 
a minimum as required. 
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And as there must be a least value, and no other minimum 
value can be found than that here given, we maj be sure that wu 
thus obtain the least value. 

113. If the given volume be — AC the solution consists of 

the oblate spheroid alone, and there is no discontinuity. But if 
the given volume have not this value there will be discontinuity. 

If the given volume be less than ~ir- AC the solution re- 
sembles that of the lower diagram of Art. 76. If the given 
volume be greater than -^ AC the solution resembles that of the 

upper diagram of Art. 76 ; unless indeed there is the condition 
that the solid may not stretch beyond the straight lines drawn 
at right angles to the axis drawn through A and B respectively. 
This case we will now consider. 

114. The following will be the solution in this case : 

AD and BE are straight lines through the fixed points at right 




angles to the axis. DFS is an arc of an ellipse given by 

The required generating curve consists of AD, DFE, and EB. 
The constant a must be determined so that the volume generated 
by the revolution of this figure may have the assigned value. 

To justify this solution all that is necessary is to observe that 
the term of the first order in the variation of the moment of 
mertia is zero, and the term of the second order is positive. 
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115. In the problem discussed in Arts. 73.. ,78 we were able 
to confirm the proposed solution by appealing to the admitted fact 
that a sphere is the figure of greatest volume within a given 
surface. In the present problem we can confirm the proposed 
solution in an equally decisive manner. 

Suppose an element of area indefinitely small in every direc- 
tion situated at the point (x, y) ; let this generate a ring by revolv- 
ing round the asis of x. Let m denote the mass of this ring ; then 
the moment of inertia of the ring round the proposed axis is 

Hi I ^ + x"] . Hence the solid of least moment of inertia with a 

given volume cannot be generated by any curve except the curve 

„ +a;'= constant. For if there were any other generating curve 

we could obtain a less moment of inertia by removing matter 
which might be outside a bounding surface corresponding to tliis 
equation, and putting such matter inside the surface. The method 
here indicated has been already applied to problems relating to 
solids of greatest attraction : see Todhunter's History of the Cal- 
cvliis of Variations, Arts. 322 and 423. 

116. It may be objected to the solutions of the present 
Chapter that our boundary has abrupt changes of direction, and a 
question may be raised as to the possibility of finding a solution 
which does not involve this abrupt change. I say that it is hope- 
less to seek for such a solution ; the reasons for this assertion have 
been already stated : see Art 14, Remark III. 

117. Let us proceed now to consider the problem with con- 
ditions esplicitlj' imposed like those in Art. 80. We suppose tliat 

the given volume is less than -^ AC; and we require the solid 

of revolution to have this volume and a minimum moment of 
inertia, the generating line being never convex to the axis of 
revolution, and having no abrupt changes of direction. As in 
■Art. 79 I venture to request any reader of these researches to 
investigate the problem for himself before examining the solution 
which I shall now propose. 
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118. As in Art. 82 every kind of boundary of the generating 
figure is excluded except straight hnes and the ellipse 

y^ + 2ar' = constant. 
On trying various combinations I arrive at the conviction that 
there is no solution which exactly corresponds to the enunciation ; 
but there is a limiting form to which we can approach as closely 
as we please : that is, we can find solids fulfilling all the required 
conditions, and having their moments of inertia never less than, 
though only infinitesimally greater than, a certain definite value. 

119. Let jlPand BQ be equal straight lines, making equal 
angles with AB. Let PDQ be an arc of an ellipse / + 2a;° = 2a'. 




Let the constant a, and the angle BAG be determined so as to 
make the volume generated by the revolution (AABDQB round 
the axis of x equal to the assigned volume, and also to make the 
moment of inertia of the solid round the axis GD the least pos- 
sible : this of course is only an ordinary problem in the Differential 
Calculus which we may assume to be capable of solution. 

Then I say that the boundary thus determined is the limiting 
form of the solution to our problem in the Calculus of Variations. 
It does not strictly fulfil the conditions because there are abrupt 
changes of direction at P and Q ; but we may suppose a curve 
drawn indefinitely near to this boundary so as to avoid the abrupt 
change of direction, and to be always concave to the axis. See the 
diagram to Art. 14. 
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120. We proceed to justify tlic statement of the preceding 
Article. We have to the first order 



^"=j3'(y- 



("+ 23;*— 2a*) ^dx, 
aad as y + Sa;* — 2a' = for the arc PB Q this reduces to 
f^{7/+2x'-2a')Sydx, 

where the integral is to be taken from the value of x correspond- 
ing to A to the value of x corresponding to P, and then from the 
value of X corresponding to Q to the value of x corresponding to B. 
Now if Sj/ be proportional to y this expression for Bu will 
vanish ; for by supposition AP and BQ are so taken as to make 
the moment of inertia a minimum corresponding to the assigned 
volume, and therefore of course an iniinitesimal change in the 
position of AP suid BQ must leave the value of u unchanged to 
the first order. In fact instead of saying that a and the angle 
PAG are to bo determined so as to make the moment of inertia 
a minimum for the assigned volume, we might say that they are 
to be determined so as to produce the assigned volume and to 
make 



jy{l/' + 2x'-2a')S_ 



vanish between limits corresponding to AP and QB when By is 
proportional to y ; that is, 

jy' (y' + 2a;' - 2a') dx 

must vanish between the limits corresponding to AP and QB. 

121. We remark in passing that since the last integral is to 
vanish the expression y* + 2a;' — 2a' must change its sign within 
the range of integration ; this shews that if the arc PBQ were 
continued it would cut the straight lines AP and BQ. Hence it 
follows that the tangent at i* to the arc PDQ is inclined to the 
axis of revolution at a less angle thaa AP is. This is essential to 
our solution, in order that when we draw a curve close to the 
boundary APDQB, as explained in Art. 119, this curve may 
always be concave to the axis. 
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122. The demonstration that we have a minimum is similar 
to that in Art. 85. 

The straight line AP is supposed to be the same as in Art. 119 ; 
and ALK is a curve obtained from AP by ascribing admissible 
values to ^y ; so that the curve lias no convexity towards the axis 
of revolution, and no abrupt change of direction. 

The point F is not found by mating AF= - AP as in Art. 85 ; 

but F is the point where the straight line AP is cut by the 
curve y + 23^' — 2(i'. 




Thus in passing from AP to the curve ALHKy/e have ulti- 
mately a gain of positive elements corresponding to the area AL}f, 
a relief from the negative elements corresponding to the area 
HIPG, and a gain of positive elements corresponding to the area 
IKP. In like manner the other two diagrams of Art. 85 apply 
here, 

123. Hence our conclusion is like that in Art. 86. We find 
that Bu is always a positive quantity of the first order, and so we 
are sure of a minimum ; except in one particular case, namely, 
that in which for the rectilinear pai-t of the boundary Sy is taken 
proportional to y, and then Bu is zero to the first order. 
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111 this particular case then we must examine the term of the 
second order in Su ; as we have seen in Art. 112, this term ia 

/(!-" + !"■-«■ )(»!/)•<&. 

Now for the part PDQ of the boundary this reduces to 



k 



which is positive. For the parts j4Pand BQ we have by suppo- 
sitiou S^ proportional to y, so the siga of the term is the same 
as that of 

and tlierefore is the same as that of 
jf.fdx; 
for we know that for the limits with which we are concerned 

J(|' + »>■-«•) J- & = 0. 

Hence the term of the second order is positive. 

Thus we can assert confidently that the proposed solution is 
a minimum. 

And as there must be a least value, and no other minimum 
value presents itself besides this, we may conclude that this is also 
the least value. 

124, In the discussion of the present Chapter we have the 
discontinuity of a straight line and a curve which meet without 
touching. As in Art, 100 we see that the discontinuity arises 
from a condition implicitly imposed, or explicitly imposed. 

125, We may give a still more simple example of the kind 
discussed in the present Chapter. Find a curve which shall cut 
the axis of x at given points, and enclose an assigned area, and 
have a minimum moment of inertia round an ajtis at right angles 
to the plane of the curve passing through the point on the axis of 
X which is midway between the two given points. 
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Take the axes as in Art. Ill ; then proceeding in the usual 
way we find that we require the minimum of 

Denote this by u ; then to the first order 

Bu = Uy^+ x' — a^) 6y dx. 
Thus we obtain as the necessary solution 

This is the ecjuation to a circle having its centre at the origin. 
We obtain the same bind of discontinuity as we had in Arts. 73 
and 111. The present case resembles that of Art. 73 in the 
circumstance that Bu instead of being zero to the first order for the 
discontinuous solution is a positive quantity. 

The investigations of Arts. 113.. ,123 apply with obvious modi- 
fications to the present problem. The simplicity of the present 
problem recommends it as offering an easy case for the considera- 
tion of any person who might wish to contest the conclusions at 
which we have arrived. 

126. Some variety might bo introduced into the problems of 
Arts. Ill and 125 by giving a different position to the axis 
about which the moment of inertia is required. Instead of cutting 
the plane of x, y at the origin let this axis cut the plane at the 
point (/[, k). Then in Art. Ill we have 



«=/{! 



and in Art. 125 we have 

For in the latter case we may consider separately the parts 
of the figure which are above and below the axis of a; ; as it 
is obvious that each part must have the minimum property. 
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The centre of the ellipse in Art. Ill, and the centre of the 
circle in Art. 125 is now not at the origin but at the point {h, 0). 
It 13 easy to see what effect this will produce on our solution. 

127. Suppose another condition imposed besides those in 
Art. 117 : let the generating curve be required to have no abrupt 
change of direction, to be never convex to the axes, and to cut the 
axis at given points and at given angles. 

For simplicity suppose these angles equal and denote them 
by 7. 

Let the problem as enunciated in Art. 117 be solved; and 
suppose that the boundary there obtained cuts the axis at an 
angle ^. 

I, If /3 = 7 the solution of the problem in Art. 117 obviously 
satisfies all the conditions of the problem of the pre.sent Article. 

II. If is less than 7 this solution must still be made to 
suffice. In the diagram of Art. 119 we must conceive straight 
lines making an angle 7 with AB to be drawn, one through a 
point to the right of A but indefinitely close to A, and the other 
through a point to the loft of B but indefinitely close to B. 

Thus we obtain a boundary illustrated by the diagram; AE 
and BFmll be indefinitely short. As in Arts, 118 and 119 the 




problem most strictly speaking does not admit of a solution. But 
the diagram gives the limit towards which we must approach as 
we make the moment of inertia continually srhaller while we 
retain the conditions imposed at the commencement of this 
Article. 
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III. If /3 ia greater than 7 the solution of the problem in 
Art. 117 will be of no use in the present case. Our solution 
will then be as follows : Through A and B draw straight lines 
inclined at an angle y to AB. Let AP and BQ denote these 
straight lines. Let PB Q he an arc of the ellipse y' + 2a:' = Sa" ; 
and let a be so taken that the volume generated by the revo- 
lution of APB QB round AB may have the assigned value. 



To shew that this is a solution all that is necessary is to 
the value of hu. 



Let P'B'Q' be a curve obtained by variation from PDQ, and 



suppose that P' and Q' are below P and Q respectively. To the 
first order 



Bu=J7/(j/ + 2,^-2a')S,jdx. 



Now for limits corresponding to P and Q this vanishes. For the 
small portion between P and F", and that between Q and Q', we 
have 8y negative and ^' + 2a^ — 2a? negative ; so that there is a 
small positive element of Bu: this would vanish if AP touched 
PQ at P. The term of the second order in Su is positive as in 
Art. 111. 

If the curve obtained by variation has its ends aiove Pand Q 
respectively, then Bu to the first order vanishes entirely, and the 
term of the second order is positive as before. 
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Thus we have a minimitm. Of course the given volume miieb 
be less than that of the double cone, which would be obtained by 
revolving round AB the triangle formed by producing AP and 
BQ to meet. 

128. The discussion in the preceding Article suggests to us 
to try the effect of imposing another condition on the problem of 
the preceding Chapter ; thus we have the following enunciation : 
determine the solid of revolution of minimum surface, and of 
given volume, supposing that the generating line is to cut the axis 
at ^ven points, at given angles, and is never to be convex to 
the axis, and to have no abrupt change of direction. 

129. For simplicity suppose the given angles to be equal, 
and denote them by 7, 

Let the problem as enunciated in Art. S3 be solved; and 
suppose that the boundary thus obtained cuts the axis at an 
angle j8. 

I. If ^ = 7 the solution of the problem enunciated in Art. 83 
obviously satisfies all the conditions of the problem of the present 
Article. 

II. If /3 is less than 7 the solution must still be made to 
suffice : the mode in which this must be effected is the same as 
that in Case II. of Art. 127. 

III. If ,3 is greater than 7 the solution of the problem in 
Art. 83 will be of no use. I propose the following as the solution : 

Take a curve determined bv - ,>, ■■ J 7 = v' + c, where a and c are 

constants; and draw tangents at the points where the tangents 
will be inclined at an angle 7 to the axis of x : then there are 
two conditions which must serve to find the values of the con- 
stants ; namely, the tangents must intersect the axis of x at the 
given points, and the solid formed by the revolution of the boun- 
dary round the axis of x must have the assigned value. 

It remains then to shew that these conditions can be satisfied, 
as weU as the condition necessary for a minimum. 
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130. Let S denote the surface of the solid generated in the 
manner described ; then we must shew that SS to the first order 
is zero or positive : this can be done in the manner already ex- 
emplified. 

As in Art. 84 we can shew that 



*s='^-/{v(r^-!}«»<^. 



where the integral is to be taken between limits cotTesponding to 
the rectilinear parts of the boundary ; for these parts we have 



Now the condition that there is to be no convexity in fact 
renders Si/ necessarily negative as far as we are concerned with it. 

If the ordinate at the points common to the rectilinear and 

curvilinear parts is -g-cos7, we may by taking Bt/ proportional 

to y as an extreme admissible ease just make SS zero to the first 
order. 

If the ordinate at the specified points is greater than —cosy, 

then a gain of positive elements is secured, and 8S is positive to 
the first order. 

Then if S^ he taken in any other admissible way, BS is positive 
to the first order: see the reasoning and the diagram of the last 
of the three cases of Art. 86. 

Thus &8 is zero or positive to the first order provided the 



If the ordinate is greater than -^ cos y, we are sure of a mini- 
mum even without looking at the terms of the second order. 
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131. Now let us consider the conditions which the constants 
must satisfy. Put the equation to the curve in the form 

so that a and e are the constants. 

Let y, be the ordinate of the point which is common to the 
rectilinear and the curvilinear part of the boundary. Then, by 
Art. 90, we have 

?/, = a cos 7 + « V («' — sin' 7) (1) ; 

and this is not to be less than -^ cos 7 ; 

therefore ij{f? 

therefore e' not less than sin' 7 + t cosV 

Let 2A denote the distance between the given points ; then 

A=y, cot7 + a I Ldp (2), 

where 1, has the meaning assigned in Art. 90. 

Let 2F denote the volume generated by the revolution of the 
boundary round the axis of x ; then 

F-a^+„./*"//4, (3), 

where fl'has the meaning assigned in Art. 91. 



e the value of y^ from (1) substituted in (2) and (3) ; then 
from (2) we find t = a function of e and known quantities. Sub- 
stitute this value of a in (3} ; thus F becomes a function of e and 
01 known quantities. And as e changes continually from an indefi- 
Jiitely large value we see that Fwill vary continually, as long as e 
's greater than sin 7. 
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At the extreme case of e infinite we have a indefinitely small ; 
and ae cot 7 = A. Then V= '^^^-^ where t/, eot y = h. 

The assigned volume must of course not exceed ^ — J or 

the problem will be impossible. 



At the value c = a/ sin" y+'j cos' 7 the value of V will be the 

same as we should obtajn in Art. 91 if /9 were changed into 7. 
Now this value is less than the assigned value of the preeent pro- 
blem ; for this assigned value corresponds to that obtained in 
Art, 91 with the value 18 which is greater than y : and we know that 
the value of V in Art. 91 increases with e, and is therefore greater 
for /9 than for 7, 

Hence finally as from (3) the value of V ranges between limits 
which include between them the assigned value of the present 
problem, it will be possible to take e such that V shall just be 
equal to the assigned value. 

132. We may feel sufficiently secure that there is only one 
solution thus : The greatest possible assigned volume corresponds 

dV 

to e infinite and a indefinitely small ; then if --,- be the differen- 
tial coefficient of V with respect to e when a is supposed elimi- 

dV 
nated we are sure that -t- is positive when e is infinite. There- 
fore if e be diminished V diminishes. Suppose that -j- could 

vanish at any point ; then we should have the same value of V 
corresponding to two adjacent values of e. Thus we get two ail- 
jacent solutions. But this is impossible ; for by Art. 130 each is 
a true minimum, therefore each is leas than the other, 

133. We may remark a difference between this problem ana 
that in Art. 117. Here the rectilinear and curvilinear parts touch, 
while there they met at a finite angle. The difference d 
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on the circumstance that in the present problem the expression 
under the integral sign in the quantity to be a minimum involves 
the differential coefficient p, which did not occur in the former 
problem. 

134. Another modification may be given to the problem of 
the preceding Chapter, A bowl is to bo made in the form of a 
figure of revolution so as to have a given surface and to hold a 
1 volume. 



If the problem be stated thus without any condition the bowl 
will have to be a sphere ; this must be considered a limiting case, 
as strictly speaking a closed surface cannot be called a bowL 

But suppose the breadth of the bowl at the open end to be 
given. 



Let Ox be the axis of revolutio 
breadth, and suppose OS = k 



let 2h denote the given 



The solution, as in Art. 73, is a circle -which haa its centre on 
the axis of x. Let the radius of the circle be r, and let OA, the 
depth of the bowl, = k. Then to find A and r we have the equa- 
tions 

iTrh = the given surface = S say ; 



therefore 



-}e. 



This gives always a real value for h, as S must of course be not 
less than iri?. 

3—2 
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Nest suppose that the depth of the bow! is also given. 

If this given depth is greater than that which our solution 
assigns, we must take this solution and suppose an indefinitely 



naJTOw conical or cylindrical part attached at the bottom of the 
bowl, and having the same axis as the howl. 

If the given depth ia less than that which our solution 
assigns we may understand the condition in two ways. If we 
merely mean that the depth as measured along the axis is to 
have the given value, we use such a solution as arises from having 
the point of the conical part in the diagram inwards instead of 
outwards. But if we mean that the depth is at no point to 
be greater than the given quantity, then the solution must he 
composed partly of a straight line through A at right angles 
to the axis of x, aud partly of a curve passing through B and 
touching this straight line, and satisfying the differential equation 



V(l +/) 



= 7/= + t ; 



( Art. 73. 



13.5, A curve generates a howl by revolving through 180 
round an axis which it cuts at two fixed points : find the curve 
so that the centre of gravity of the surface may be at the 
greatest distance from the axis, the area of the surface being 
given. 

The enunciation does not immediately suggest any difficulty 
or strangeness as likely to occur in the solution. 
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We liavc by the usual theory to find a maximum of 

Call it u ; then we obtain 

-^ ^ = constant ; 

V(l+?') 

the constant must be zero since the < 



i to cross the axis. 



We cannot take y = a, for then we shall not have Su = 
to the first order, since 

We must then attempt to form a solution by combining^ = os 
and y = ; the former gives a straight line parallel to the axis 
of y, and the latter is the axis of x. 

This indicates that strictly speaking there is no solution ; 
but there is a kind of limit towards which we may approach 




mdefioitely. The generating curve must be supposed to run 
indefinitely close to the axis, except where it turns off, nearly 
at right angles to the axis, and returns again; thus ACDEB 
•nay represent it, CD and DE being very close to each other, and 
nearly straight lines. 
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The limit to which we approach consists of the straight line 
AB and a straight line FD at right angles to AB\ the f 



of F is arbitrary ; the length of I'D must be such that -^Flf 
may be equal to half the given surface. 

To shew that the limit is a true maximum, we may proceed 
as in Art. 64. 

We may observe that instead of a single straight line "FD 
at right angles to AB we might take two or more. Suppose 
we take two, say FB and HK. Then we must have 

■k{FD''^UK^ 

equal to half the given surface. This would still be a maximum. 
Instead of one long slender part CBE, as in the former figure, 
we should now have iwa. It is obvious however that the 
distance of the centre of gravity from the axis is greater when 
there is only one long slender part than when there are two or 
more such parts. For in passing from the former case to the 
latter, we in fact remove matter from one position and put it 
into another which is nearer to the axis ; and thus we bring the 
centre of gravity nearer to the axis. We may of course obtain 
the same result by using the common formula for the position of 
the centre of gravity. 

136. Suppose we ask for the solution of this problem with 
the condition that the boundary is never to be conves to the 
axis and to have no abrupt changes of direction. 
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Now, as in Art. 82, every kind of boundary of the generating 
figure is excluded by the Calculus of Variationa, except straight 
Unes, and curves which satisfy the differential equation 

-^j^ ^ = constant. 

V(i +/) 

Proceeding a.s in Art. 83, 1 suggest the following for the solu- 
tion of the problem. 

Let A and B be the fixed points on the axis ; let AP and BQ 




be equal straight lines equally inclined to the axis which touch 
the curve PD Q a.t B and Q respectively ; and let PDQ be an arc 
of the curve determined by the above differential equation. The 
constants must be so taken as to ensure the tangency at P and Q, 
and to make the surface generated by .^PZ'^S have the given 
value. Moreover there is a condition to be satisfied which we 
shall investigate presently ; this condition connects the constant a 
with the ordinate of F and Q. 

After the full investigation in Chapter v. it will not be neces- 
sary to discuss the present problem in detail. We see that the 
expression for Sk given in Art. 135 vanishes for the part PDQ, 
and for the parts ^Pand QB it reduces to 

Let y, denote the ordinate of P and Q ; then as in Art. 85 we 
see that y, must be such that 



y Google 



PROBLEMS ANALOGOUS TO THAT IN CHAPTER V. 

V _ "l! _ . 
3 2 ' 



Let /9 denote the angle PAB or QBA ; then if we put — c° 
for the constant in the above differential equation we see that 

At the highest point D we shall have 

y''-ay+c' = 0\ 

so that y = ^±di''"^^. 

it will be found on investigation that we must take the upper 
sign. 

ly 137. Given the mass of a solid of revolution of uniform 
density, required its form so that the attraction on a point in 
the axis may be a maximum. 

This is a well-known problem. Taking the origin at the 
point, and the axis of revolution for the axis of x we require 
the maximum of 

where a is a constant. 

Denote the integral by u ; then to the second order 
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Thus the solution is to be found from 



it will be convenient to write — ^ for 2a ; thus (a:* + j')* = c*x. 

When y = we have x = or c ; thus c is the length of the 
axis. 

The volume = w j y'dx = ir I {{c*x)^ — a?]dx 

, /3 1\ iTTc" 
= '^^(5-3)= 15-' 
so that the volume being given c is known. 

In the term of the second order in Sm the coefficient of (5^)* 
becomes 

,. , . 1 (3a;^-2c^) ,, , . 3[a:'~c') 

that IS, - ,— „ + > ■ ■ ; „ - ^ , that la, — ' ' --^ ■■ - '- ; 

BO that the term is — rs {x^ — c^) {ZyY dx. 
2c' Jo 

This is negative as it should be. 

It is well known from other considerations that we have really 
a maximum. [See Todhunter's History of the Calculus of Varia- 
tions. Art. 322.] 

138. Now let us impose the condition that the length of the 
axis shall have a given valua The solution already obtained 
wili not apply ; because in this solution the length of the axis is 
determined as soon as the volume is given. 

We observe however that the term of the first order in Sm 
vanishes if ^f = ; and this suggests a solution of the kind already 
exemplified ; namely, the generating curve must be made up of 
I* +^'*)' = c'a^ together with a portion of the axis oia;. 
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Let Ti denote the given length of the axis ; then the term of 
the second order in 8m becomes 



/;i(^),,,^,/;(_i..^.),«. 



dx. 



The first term is negative, and so is the second whether c be 
less or greater than h. Thus we have a solution whether c be less 
or greater than h ; the case in which c is greater than A resem- 
bling that which has already presented itself in Art. 134 with the 
point of the cone turned inwards. But if c be greater than h the 
problem may be understood in another sense, a.nd perhaps more 
naturally : namely, that the solid is not to extend beyond the ordi- 
nate at the point x = h. The solution then is given by 

where the constant 7 is to be determined from the condition 
TT I y'dx = the given volume. All the circumstances of the pro- 
blem are thus satisfied : it will be observed that there is no term 
outside the integral sign in the value of Bu. The generating 
curve may be said to consist of the curve {a? + y^}^ = r/x from 
a; = to a; = A, and of the ordinate at the point x = h. 

If any objection is taken to the abrupt change of direction at 




the point where the curve joins the straight line we must answer 
the objection in the same manner as before : see Art. 14. 
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139. Suppose we attempt to introduce also the condition that 
the radius of the base shall have a given value i, the length of the 
axis being A as before. 

We shall have in some cases to employ the solution already- 
given as a limiting form in the manner formerly exemplified. 

Thus suppose OA = h, CB = k; and let the given volume be 
, such that the curve ADE would have been the solution if h and k 
had not been mentioned. Then we must conceive a curve drawn 
indefinitely close to ADECB, and the closer it is drawn the nearer 
it will approach to the form which gives the greatest attraction 
under the specified conditions. 




Or instead of the solution of Art. 137 we may have to take the 
solution of Art. 138 and make it in a similar manner applicable 
to the problem with the additional condition we have now im- 
posed. There will be two varieties, because the base obtained in 
Art. 138 may he greater or may be less than that which is now 
prescribed, and thus there will be a difference in the mode of 
adjustment to the prescribed base. 

It may happen that in these solutions some of the 
are greater than k. 
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But if we understand our condition to mean that wo are to 
■have no ordinate greater than k we shall require in some cases 
another solution, namely, a portion of the curve (a^ + y)= = 7'a: 
combined with a portion of the straight Sine y = k. 

The condition for finding 7 will now be 

TT I ifdx + Tri-* (A — ^) = the given volume, 
where f stands for AE, so that (|' + ^'j^ = 7*^. 

Here 6m to the first order vanishes with respect to AD ; and 



-/:{-i^ 



(a.- + *■)«. 



Sydx, 



that is to ^ {" j — '^^^—- - 1] Sudx. 

Now if X lies between f and fi the expression — ^- — i — ) 

is positive ; for this expression would be zero if we put instead 
of k the ordinate y of the curve corresponding to the abscissa a:, 
and ^ is greater than k, so that the expression as it stands must 
be positive. Aud along DS we have By essentially negative if 
it is not zero. Hence the above variation is a negative quantity 
of the first order unless Sy vanishes at every point of DB. In 
the latter case we proceed to the term of the second order in 



the variation which reduces to I -i^^^^ ' (&,)' ^^ 
negative. Thus a maximum is secured. 



which is 
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[We here confine ourselves to the case in which the curve 
AD, when continued beyond D, does not cut the straight line 
y = Jc again between D and B. It is easy to see what modi- 
fications have to be made if the curve does cut this straight line 
again between D and if,] 

140. The examples discussed in the present Chapter furnish 
numerous illustrations of the principle that discontinuity arises 
from conditions imposed in the problems. In Art. 139 we have 
a very simple example of the general principle of Art 17- 
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CHAPTER VII. 

BRA.CHISTOCHRONE UNDER THE ACTION OF GRAVITT. 

141. In the present Chapter we shall discuss some cases of 
discontinuity which arise by imposing various conditions on the 
problem of determining the shortest course of a particle under 
the action of gravity. 

142. Required the curve of quickest descent from a fixeil 
point ^ to a fixed point B, supposing the moving particle con- 
strained to remain on a fixed smooth inclined plane which con- 
tains j4 and B. 

The curve is known to be a cycloid with its base horizontal, 
having a cusp at ^ ; in fact we resolve the force of gravity into 
two components, one at right angles to the inclined plane, and 
the other along this plane: then the fonner component may be 



Now suppose we require the curve of quickest descent from 
A to B, when there are two fixed smooth inclined planes, one 
passing through A and the other through B, and the moving 
particle is constrained to move first on one plane, and then on 
the other, assuming that no velocity is lost in passing from one 
to the other. 

The required curve consists of two arcs of cycloids with their 
bases horizontal ; the first arc has a cusp at A ; the second arc 
must have its cusp so situated in the second inclined plane that 
the velocity of the particle at the commencement of this arc is 
that which would be acquired in falling from the cusp: hence 
the cusp will in fact be in the horizontal plane which passes 
through A. 



, Google 



BRACHISTOCHRONE tTNDER THE ACTION OF GRAVITr. 127 

It ia easily seen by examining the terra in the variation which 
is outside the integral sign, that at the point where the two 
arcs of cycloids meet their tangents must be equally inclined to 
the line of intersection of the two planes, 

143. A particle falls from a fixed point A io a. fixed point B, 
passing through another point C: find the entire path when the 
time of motion is a minimum (1) supposing (7 to be a fixed point, 
(2) supposing C constrained to lie on a given curve. 

[This problem was proposed by the present writer in the 
Mathematical Tripos Examination of 1866.] 

AVe assume that no change of velocity occurs at the point G. 

(1) From A to C the path must be a cycloid having its base 
horizontal and a cusp at A ; from to B the path must he a 
cycloid having its base horizontal and a cusp in the horizontal 
plane through A. This statement is evident from the combination 
of two known results ; one relating to the brachistochrone when 
the initial velocity is zero, and the other relating to the brachisto- 
chrone when the Initial velocity has a given value which is not 
aero. If is not in the vertical plane which contains A and B, the 
two portions of the entire path are in different vertical planes. 

(2) From ^ to C the path must be a cycloid having a cusp at 
A ; from C to B the path must be a cycloid having a cusp in the 
horizontal plane through A : each cycloid has its base horizontal. 
This statement is evident for the same reason as before. Also 
the tangents to the two portions of the path which meet at G 
must make equal angles with the tangent to the given curve at G : 
this condition serves to determine the point C To demonstrate 
this we proceed thus : Let us first suppose that A and B and the 
given curve are all in the same vertical plane. Let the axis of y 
be vertically downwards, and the axis of x horizontal. Let x and 
y denote the co-ordinates of G. Let ijf' {x) denote the value of 

J- for the given curve at the point G; letpi, and^, denote similar 

things for the two portions of the path which meet at G. Then, 
aa in Todhunter's Integral Calculus, Art. 361, the part of the 
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variation outside the integral sign reduces to 

l + P't^dx-^-tMMdx- 

and in order that this may vanish we must have 
l+p,ylr'{x) _ l+p^^x) 

this involves tlie condition stated above. 

If ^ and B and the given curve are not in the same vertical 
plane, the same condition may still he shewn to hold : see Art, 367 
of Todhunter's Integral Calculus. 

144. Required the curve of quickest descent from a fixed point 
j4 to a fixed point B; supposing that a screen or obstacle is inter- 
posed between A and B, having a given finite aperture through 
which the path must pass. 

It may happen that the aperture is so situated that the cycloid 
of quicliest descent from A to B passes through it : and then of 
course the condition imposed does not affect the solution of the 
problem. Suppose however that the aperture is not so situated, 
then, I say, that the required path must pass through some point 
of the boundary of the aperture. For if the path did not pass 
through the boundary therfe would be no Hmitation imposed on 
the dependent variable, and thus by the ordinary theory we are 
sure that we have not a curve of minimum time. Thus the path 
must pass through the boundary of the orifice; and therefore the 
present problem is reduced to that of Art. 143. 

145. Again : find the curve of quickest descent from a fixed 
point .^ to a fixed point B with the condition that the path must 
pass through some point G which is on a given fixed surface. 

It may happen that the given fixed surface is so situated that 
the cycloid of quickest descent from A to B crosses it ; and then 
of course the condition imposed does not affect the solution of the 
problem. Suppose however that the given fixed surface is not so 
situated. The position of the point G must by Art. 143 be such 
that the two parts of the path make equal angles with the tangent 
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to any curve drawn on the surface through the point of contact : 
the two parts must therefore make eqwal angles with the normal 
to the surface at that point, and must lie in the same plane with 
that normal. 

To shew this however from the ordinary formttlje we proceed 

thus : Let p stand for -^, and ot for -5- ; these being formed on 

the curve. Let the subscript 1 apply to the end of the first 
portion of the path, and the subscript 2 to the beginning of the 
second portion. Let ^ {x, y,z) = Q be the equation to the surface ; 
put v^ for 1 -\-p' + w'. Then in oi-der that the integrated part of 
the variation may vanish, we must have 

\^ ■ + vdx]^-Y'^^- - +r(7.cj=0 (1). 

Now we must of course have the same point by variation, whether 
we consider {x, y, 2) to be the end of the first portion of the path 
or the beginning of the second portion. Thus 

St/, + p^dx =hj^ + p^dx = Sff say 1 
Zz^-\-'nr^=hz^+-i!!^dx=hT say J 

Moreover, since the point obtained by variation is also on the 
given surface, 

#i»+^*8<, + ^ST-0 (3). 

ax ay dz 

From (2) we can write (1), thus: 

Now regard dx, S<r, Bt as proportional to the direction cosines of a 
straight line. Then (3) shews that the straight line must be at 
right angles to the normal to the surface; and (4) shews that it 
roust make equal angles with the tangents to the two portions of 
the path at the common point. And as the straight line may be 
any straight line at right angles to the normal, it is obvious that 
the tangents to the two portions of the path must satisfy the con- 
ditions stated above. 

.9 
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If we wish, however, to proceed in a move formal manner, we 
should substitute for dx from (3) in (4), and then equate the co- 
efficients of So- and St to zero. Thus we get 



v,[^'dx~dyj~v, [P' dx dyj 



d4> _df\_\ f d^ _d^\ 

dx dz) v\ ^dx dzj 



Ehminate u, and v^ by cross multipUcation ; and it will be found 
that we arrive at the condition which makes the normal and the 
two tangents lie in one plane. 

And we can shew that numerically 

1 /(?0 d^ d<i>\ _ 1 fd<j> d^ dcl>\ 
v,\dx dy dzl ^ v^dx dy dz)^' 

For if we substitute for -, and -^ in terms of -^ from the two 
ay dz dx 

equations just given, we shall find that each member numerically 

_ v^v^ — (1 + p,j», + ■BTyVr,^ d(fi 
iij — «, dx' 

Of course this equal inclination of the tangents to the normal 
to the surface, and their lying in the same plane with it, might 
have been anticipated. For through an iniinitesimal portion of 
the path we may consider that the velocity does not sensibly vary: 
and so, by a well-known geometrical fact, the path should in the 
neighbourhood of the surface resemble that of a ray of light re- 
flected at the surface. 

Suppose we require the curve of quickest descent from a fixed 
point .4 to a fixed point B, with the condition that the path must 
not cross an obstacle in the shape of a fixed closed surface. 

In this case, supposing the obstacle so situated that the ordinary 
cycloid is inapplicable, the solution will consist of three parts. 
The first part and the third part will be arcs of cycloids; thp 
second part will be the brachistochronc for a particle constrained 
to move on the given surface, and we need not discuss this, for it '" 
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a well-known problem. The parts of which the solution consists 
will have common tangents at the points wliere they meet : this is 
otvious from what has already been given. 

pn the original essay there was some confusion between the 
two problems of the present Article, the second problem being 
enunciated and the first solved: hence some slight changes in the 
Article were necessary, and have been made.] 

146. The problems which we have hitherto considered in this 
Chapter illustrate the principle that discontinuity arises from con- 
ditions imposed. The discontinuity here is that the first and the 
last parts of the path are ares of different cycloids, generally in 
different planes, and meeting at a finite angle : in the second 
problem of Art. 145 there is however an intermediate arc be- 
tween the two arcs of cycloids. 

It is obvious that in aU the problems of this Chapter there 
must exist some solution which gives the least time of motion ; 
and the Calculus of Variations shews that no other solution can 
exist than that which we have taken in each case respectively. 
Hence we need not consider the terms of the second order in the 
variation ; in fact, however, in all the cases except the first of 
Art. 143 we should find that the sign of the term of the second 
order cannot be ascertained by any theory at present known. 

147. Required the curve of quickest descent from a fixed 
point ^ to a fixed point B; with the condition that the particle is 
never to descend below the horizontal straight line through B. 

By the principles of the Calculus of Variations combined witli 
our condition every line is excluded except a cycloid having its 
base horizontal and its cusp at A, and the horizontal straight line 
through B. 

If then the horizontal distance between A and B does not 
exceed ^ times the vertical distance, the required line consists of 
the cycloid alone : our condition does not come into operation. 
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If the horizontal distance between A and B exceeds ^ times 
the vertical distance, tiie required curve consists of the cycloid A G 



and the horizontal straight line CB, which is the tangent to the 
cycloid at its vertex C. 

148. The example in the preceding Article resembles others 
which have already been discussed; the boundary which deter- 
mines the area into which the path is not to pass may itself form 
through some of its extent a part of the required solution. 

If the boundary instead of a horizontal straight line through 
B is any straight line, the solution is substantially the same. 

If a straight line through A is the boundary which the path is 
not to pass, the required line consists oi AC, a portion of this 




straight line, and CB an arc of a cycloid; the cycloid must have 
its base horizontal and its cusp in the horizontal straight Hne 
through A, and must touch the bounding straight line at C. 
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If the boundary is a straight line which does not pass through 
A or B, and the single cycloid from ^ to 5 is inapplicable because 
it would cross the boundary, the solution consists of three parts : 
aa arc of a cycloid having its cuap at A and touching the boundary ; 
a part of the boundary ; and an arc of a cycloid which touches the 
boundary, passes through B, and has its cusp in the horizontal 
straight line through A: each cycloid has its base horizontal. 

149. Required the curve of quickest descent from a fixed 
point j4 to a fixed point B, with the condition that the path is not 
to pass outside the given circular arc AB which does not exceed a 
quadrant, B being the lowest point of the circle. 

It will be convenient to work out the solution from the 
hyginning. 

Take any point on the horizontal straight line through A 
for origin. Let the axis of x be horizontal, and the axis of y 
vertically downwards. We have to find a minimum value of 



I'- 



dx. 



Call this M : then 



Bu = PBff+j(N-'^Bydx. 



where 


N- 


2/ • 


J 


So long as 


iSyis 


susceptible of 


cannot be a 


minin 


lum unless 


N- 



Jy (1 +i>') 

ible of either sign we know that there 

- ^f- = ; and this leads to a 
ax 

cycloid having its base horizontal and its cusp on the axis of x : 
these conditions as to the position of the cycloid must be under- 
stood in all that follows with respect to the present problem, 
although for the sake of brevity we may omit to state them 
explicitly. 

Hence the curve we require can consist of nothing except a 
portion or portions of snch a cycloid, together with a portion or 
portions of the circular arc. See Art. 18. 
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It is obvious that the solution cannot consist of a cycloid aJone, 
as if there were no condition imposed : for such a cycloid would 
have a cusp at A, and therefore its tangent vertical there ; and so 
it would be initially outside the circle. 

150. We therefore proceed to investigate whether the neces- 
sary conditions will be satisfied by the curve composed of a circular 
portion AS, a cycloidal portion RS, and a circular portion SB ; 
or of two out of these three possible portions ; or of one only. 




Let be the centre of the circle; draw AC horizontal: let 
OA^r, OC = b. 

The equation to the circle is 

c being a constant depending on the point m AC which we take 
aa origin. 

For the circle we have 



N= 



-, P= 



2r{y + b) 
and so it will be found that 

dx 2rw^ * 
For the cycloid we know that 

ax 



ry^ 
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Our object is to ensure that Bu shall be positive. The value of 
8^ con-esponding to any part of the circular arc is necessarily nega- 
tive; fio that |(-W— -y-l Sydx is necessarily positive for liraita cor- 
responding to the circular arc provided y -h is negative. 

151. Now we observe in the first place that the circle and 
the cycloid must touch at B, supposing that S does not coincide 
with A. 

For let Pg be the value of P corresponding to the circle at R, 
and let P, be the value of P corresponding to the cycloid at P. 
Then the part of Bu which is free from the integral sign gives rise 
at the point B to the term (P„— P,) By. Now Sy is necessarily 
negative at E ; and therefore P„ - P, must be zero or negative : it 
cannot be negative, for then the cycloid would fail outside the 
circle. Hence P^ — P^ must be zero; and therefore the circle and 
the cycloid must touch at H. 

Of course if R coincide with A we have only — P^ By for the 
corresponding part of Bu, and this vanishes since Sy vanishes ; thus 
it is not necessary that the circle and the cycloid should touch. 

In like manner if S does not coincide with B the circle and the 
cycloid must touch at S. 

152. We shall now consider what results follow from suppos- 
ing the circle and the cycloid to touch at R. See the digram to 
Art. 150. 

Let OR and AG intersect at T; let the angle OTO be de- 
noted by e, and the angle OAC by a. Thus 

„„ b rsina 
RT=r~ ^—5 = r r—^ . 

sin p sin y 

Now from the properties of the cycloid we know that the diameter 



If the cycloid touches the circle again at S we obtain another 
expression for the diameter of the generating circle by ascribing to 
& the value which it has at S instead of the value which it has at 
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E : and of course these two expressions must be equal in value. 



This leads us to 


examine 


the 


values 


of which the 


expression 


sin - sin a . 


eptible. 










Denote it by v 


; then 












dv cos 
d0 


6 


iin a - i 


^in^) 






iin=fl 







If 2 sin a is less than unity the maximum value of v is given 
by sin ^ = 2 sin a ; and then v may twice have an assigned value, 
namely, once when d is less than the value which corresponds to 
the maximum, and once when 6 is greater than this value. 

If 2 sin o. is not less than unity then the maximum value of 9 

is given by cos ^ = ; and as 6 changes from a to ^ the value of 

V continually increases. In this case then we do not get the same 
value of V for two admissible values of 6 ; and it is impossible to 
draw an arc of a cycloid RS which touches the circle at two points. 
Nor is it possible to draw an arc of a cycloid which touches the 
circle at a point B and passes through B. For the diameter of the 
generating circle would be here less than the maximum value of 
r (5mg-sm a) ^^^^ .^ ^^^^ ^^^^ ^ ^ j _ ^^^^ ^^^ ^^^^ j^ ^^^^ ^-^^^ (j^^ 

sm V 
and so the cycloid could not pass through the point B. 

Hence we arrive at the result that the circular arc itself is the 
line of quickest descent. It will be observed that y — his. equal to 
r (sin 6 — 2 sin a), and this is in the present case negative for the 

whole of the circular arc; and so \{^~-j~] By dx is necessarily 

positive for admissible values of By. Here there is no discon- 
tinuity. 

153. Let us now return to the case in which 2 sin a is less 
than unity. In this case at B and adjacent to 5 we have ^-^ 

positive for the circle, and so j ( iV — -j- j By dx would be negative 

for admissible values of Zy. Hence the arc of the circle adjacent 
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to B cannot form a portion of the required line of quickest 
descent. Thus the arc of the cycloid must pass through B. 

Hence finally, if 2 sin a is less than unity the required curve 
consists of a portion AR of the circle, and then a cycloidal arc 
touching the circle at R and passing through B; that is, we have 
tlie discontinuity of the arcs of two different curves which touch at 
the common point. And the common point R must be such that 
here y is less than h ; and in fact this is ensured by the nature of 
the cycloid. For as the cycloid is to touch the circle internally 
the radius of curvature of the cycloid must be less than the 
radius of the circle ; that is twice TB must be less than OR ; 
therefore TR is less than TO, which makes y less than b for the 
point R. 

It is obvious that 2 sin a is greater or less than unity according 
as the circular arc BA is less or greater than an arc of 60°. 

154. It may be useful to shew that it is possible to draw such 
a cycloid as we have supposed when 2 sin a is less than unity. 

Suppose we take r — hior the diameter of the generating circle 
of the cycloid, and put the vertex of the cycloid at B ; this cycloid 
wdl fall without the circle at B, because 2r - 26, which is the radius 
of curvature of the cycloid at the vertex, is by snpposition greater 
than r. On the other hand, if the diameter of the generating 
circle of the cycloid is indefinitely great, and the cycloid be made 
to pass through B, it will obviously fall entirely within the circle. 
Starting from the last case diminish the diameter of the generat- 
ing circle of the cycloid continuously, making the cycloid always 
pass through B. Then we must arrive at the case in which the 
cycloid just touches the circle before cutting it. The point of con- 
tact will not be at A, for the tangent to the cycloid would then be 
vertical, while the tangent to the circle would not be vertical. 
The point of contact will not be at 5, for there the tangent to the 
circle is horizontal, while the tangent to the cycloid would not be 
horizontal. Hence the contact must take place at some interme- 
diate point, as we require. 

155, Required the curve of quickest descent from a fixed 
point A to a fixed point B, with the condition that the path is not 
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ix) pass inside the given circular aj-e AB, which does not exceed a 
quadrant, B being the lowest point of the circle. 

A-fter the discussion of the problem enunciated in Art. 14i9 it 
will be sufficient to state the results of the present problem. 




The required curve consists of the arc of a cycloid having ita 
cusp at A and touching the circle at some point M, and the por- 
tion HB of the circle. As the cycloid is outside the circle at E 
twice TB is greater than OB, and therefore TB is greater than 
OT. Hence for the point B we have 1/ greater than h, and thus 

j- — -ghydx is necessarily positive for the part BB of the path, 

since Zy is positive. 

If AB is an arc of 90" there is no cycloidal portion, and the 
required curi'e consists entirely of the circular quadrant. 

156. The problems of Arts. 149 and 155 include as special 
cases a problem proposed by the late Dr Whewell in the Smith 
Prize Papers for ISiG. His enunciation was as follows: Prove 
that an arc of a circle from the lowest point which does not exceed 
60° is a curve of quicker descent than any other curve which can 
be drawn within the same arc; and that the are of 90° is a curve of 
quicker descent than any other curve which can be drawn mthovt 
the same arc. 
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It would be interesting to know how the distinguished philo- 
sopher treated the problem himself. It will be seen that in our 
investigation we obtain for the circular arc 

this expression shews at once that the results enunciated are true 
with respect to such curves as differ infinitesimally from the given 
circular arc ; but it would still remain to shew that the results are 
true for curves which differ to a finite extent from the given cir- 
cular arc. The investigation which we have supplied establishes 
the results completely, including them in fact in wider statements. 

157. Some extension may he given to the problem of Art. 149. 

Required the curve of quickest descent from a fixed point A to 
a fixed point B, with the condition that the path is not to pass 



outside a certain boundary ACB composed of a circular arc AC, 
not exceeding a quadrant, and the straight line CB, which is the 
tangent to the arc at 0, the lowest point of the circle. 

a AC is not greater than 60*, the boundary is the required 
curve. 

If ^ is greater than 60°, the required curve consists of a part 
of AC beginning at A ; then an arc of a cycloid which touches 
AC at the point of departure, and either passes through £ or 
touches BG : if the arc of the cycloid touches BO, the last portion 
of the required curve is a portion of BC. It depends on the length 
of BC whether the cycloid passes through B or touches BC. 
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It will be seen that, taking m as in Art. 149, we have for the 
part of the boundary which coincides with BG 



I 2,. 
this ia positive, since Sj is here necessarily negative. 

158. Some extension may also be given to the problem of 
Art. 155. 

Required the curve of quickest descent from a fixed point A to 
a fixed point B, with the condition that the path is not to pass 



inside a certain boundary composed of a circular arc BG, not ex- 
ceeding a quadrant, B being the lowest point of the circle, and 
the straight line GA which is a tangent to the circle at C. 

The required curve consists in general of an arc of a cycloid 
having its cusp at A, and touching BC; and of the arc of the 
circle from the point of contact to B. If BO is a quadrant, 
however, the boundary itself is the required curve. 

The expression iV--T-of Art. 149 reduces for the straight 

line AO to — ■ ■ ■■ ; and as Sy is here essentially positive, 

the integral — / — a , - - • is negative: thus j4 (7 cannot form 
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part of the required curve. If, however, AC is vertical we have p 
infinite, so that the integral just written may be considered to 
vanish : this agrees with our statement that AG is now part of 
the required curve. But it would be prudent in this case to 
choose polar co-ordinates, so as to avoid the infinite value of p. 
Take as the initial line the horizontal line through A ; then 
we have to lind a minimum value of 



' frsin^l* 



Call this u ; then 



= Phr 






^(m 



' 2r»(sin»)t ' 



M 



Now take for the equation to the vertical straight line 
r cos = c; 
dr c sin ^ . , f „ (drY\ * r 
ad co&'d ' \ \ddj \ cos 3 

Hence we shall find that 



(rsin^)^ 2 cos ^ (j- sin i*)* ' 



= fi-0^ 



and from these values it wiU foUow that 

Thus the part of Bu which corresponds to the vertical straight 
line V 
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159. Examples involving discontinuity connected with the 
brachistochrone miglit easily be raultiplieii : we will give another. 

Required the line of quickest descent from the fixed point A 
to the fixed point B, under the condition that the tangent to the 
path shall not make with the horizon an angle greater than a 
given angle a. 

The following will be the solution in general : 

AG is a straight line inclined to the horizon at an angle o. ; 




and CB is an arc of a cycloid which lias its cusp in the horizontal 
line through A, and touches ^ C at 0. 

The part of Bu which corresponds to AC will be as in Art. 15S, 

f Bydx cos a [Si/dx 

J 22/i.Jl +p' 2 J y* ' 

and this is positive, because B^ is necessarily negative. 

It might happen that B is on the ascending part of the cycloid, 
and that if it were too high up it would be necessary to have 
a rectilinear portion at the end of the path as well as at the 
beginning. 

If the straight line joining A and B is inclined to the horizon 
at an angle a, this straight line is the solution. 

Suppose it also required that the tangent to the path shall 
not make with the horizon an angle less than ^. Then, if the 
tangent to BG is never inclined to the horizon at an angle less 
tlian /S, the solution already given still holds. But if at any point 
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between B and G the tangent is inclined to the horizon at an 
angle less than 8, this solution does not hold. In this case we 
must draw through B a straight hne iueliued to the horizon at an 
angle y3 ; then find a cycloid having its cusp in the horizontal line 
through A which will touch both the straight lines, namely, that 
through A and that through B. The required curve consists of 
three portions ; the straight line from A to the point of contact 
with the cycloid ; the arc of the cycloid ; and the straight line 
from the point of contact to B. 

160. The last example which we will consider is the following: 

Required the curve of quickest descent from the fixed point A 
to the fixed point B, under the condition that the radius of curva^ 
ture of the path shall never be less than a given constant r, and 
that there shall be no abrupt change of direction. 

By the principles of the Calculus of Variations every thing is 
excluded from the boundary except a cycloid with its base hori- 
zontal and its cusp in the horizontal line through A, and a circle 
of radius r. For if any other curve occurred in the boundary 
there would be an existent variation of the first order which could 
he made to have either sign, and so could be made negative. The 
circle is not excluded because on account of the condition respect- 
ing the radius of curvature it may be impossible to give either 
sign to Bt/. Moreover, the required curve cannot begin with the 
cycloid at A ; for the radius of curvature of the cycloid at its cusp 
is indefinitely small. 

161. In some cases a solution will he furnished by the use of 
a circle of radius r pas.'iing through A and B. For suppose such a 
circle dravra, and suppose that the height of its centre above the 
horizontal line through A is not less than the depth of £ below 
this horizontal line. Then we have as in Art. 150, 

and 1/ - 6 is never positive throughout the arc. Thus if By is nega- 
tive, Su is necessarily positive. And Sy cannot be positive, for then 
the condition that the radius of curvature is never to be less than 
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r would be somewhere broken. Hence if tlie given radius r be 
large enough we have one solution in tbe arc of a circle. It is easy 
to state a limiting value of r. Draw a horizontal straight line as 
far above ^ as B is vertically below A. Bisect AB at right angles 
by a straight line which meets the horizontal straight line just 
drawn at a point which we will call S". Then if r is not less than 
AS this solution will hold; but it will not hold if r is lesis 
than AS. 

There must then be another solution which will hold at least in 
some cases. 




Let AG he an arc of a circle of radius r ; and CB be an arc of 
a cycloid with its base horizontal and a cusp in the horizontal line 
through A, touching the circle at C and having its radius of curva- 
ture at not less than r. The length oi AC and the position of 
its centre, and the parameter of the cycloid must be determined so 
as to satisfy these conditions, and to make the time down A CB a 
minimum : this constitutes an ordinary problem of the Differential 
Calculus, and we may assume that it can be theoretically solved- 
This gives us the Une which we require. 

To justify this solution we have only to proceed in the manner 
of Ai-ts. 85 and 119. For a special kind of variation in the path the 
value of Bu to the first order is zero ; this special kind of variation 
being that produced by passing from .4 to an arc of radius r inh- 
nitesimatly above, or infinitesimally below A 0. We know that 
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Su to the first order is here zero, because by hypothesis we have 
robtained a mimmum in our Differential Calculus problem. And 
for any other admissible kind of variation we shall find that Bu to 
the first order is positive. After the example discussed in Art. 85 
it will not be necessary to be very elaborate here. I will take 
only one case. 

Let S be the point in AO where ^ — b changes sign. Let the 
curve AFG be one obtained by an admissible variation. Draw 




EF horizontal. Let AFH be an arc of circle of radius r. Since 
along the curve AFQ the radius of curvature is not to be less than 
J", the curve and the circular arcs must he situated aa in the 
diagram. 

Now corresponding to AFH and the cycloid from H the value 
of hu to the first order is zero, as we have seen. In passing from 
AFSto the curve AFG there is a diminution of negative matter 
corresponding to the area between the two arcs from A to F; 
fl'id there is a gain of positive matter corresponding to the area 
between FG and FR 

We have hitherto tacitly supposed that in the cycloidal part 
CB the radius of curvature is never less than r; but it may 
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happen that in some cases tliis condition cannot be fulfilled : then 
our solution must be composed of three parts, the first and the last 
being arcs of circle of radius r, and the intermediate part an arc 
of a cycloid, 

162. The discussions in Arts. 147. ..161 illustrate completely 
the general principles we have laid down. In every case there is a 
discontinuity arising from a condition or conditions imposed. If 
we vary over the whole extent of our proposed solutions we find 
that the variation of the time is a small positive quantity of the 
first order, which may vanish in a particular case. If we vary 
over the cycloidal portion alone the variation of the time becomes 
an indefinitely small quantity of the second order. But we did 
not attempt to examine this term ; for it is obvious that there 
must be some path of least time in all the problems we have 
examined, and that the Calculus of Variations rejects every solu- 
tion except that which we have given in each case respectively. 



, Google 



163. 



CHAPTER VIII. 

PROBLEM OF LEAST ACTION. 

Let u= liy (x) <^{p)dx; and suppose it be required to 

fiad the maximum or minimum value of m, the limiting values of 
the variables being fixed. 

Here we obtain in the usual way to the second order 
hu = ^^^{x)^'{p)hpdx+\j^[x)^'{p){hpydx 

= f {^) 'f>'{p) ^y -J ^ [^ W <l>'{p)] ^ydx 

The term of the first order which is outside the integral sign 
vanishes, since the limits are fixed. Then as usual we must 
have 

■^ix) ij>' (p) = (7, a constant. 

Thus Sv reduces to 

ij'.Kx)f'(p)(Si>)Vx. 

Consider the equation 

+ Wf(p) = (l)i 

this gives p in terms of x, from which ^ must be obtained. There 
will thus be two constants which must be determined by making 
the curve pass through the given extreme points. 
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It is possible that in some cases a solution would be found by 
taking 6=0 and 0' { p) = ; the solution would consist of one or 
more straight lines, corresponding to the various values of ^. This 
case would resemble that of Art. 6. 

Suppose that when p is infinite 0' {p) has a finite value b ; 
then 

■j-w-f P) 

is a singular solution or a particular solution of (1). For (2) gives 
constant values for ai ; and a constant value of x corresponds to 
p = infinity. In this case however on account of the infinite value 
of J) it would be prudent to give another investigation, by polar co- 
ordinates for instance. 

However it appears that we may expect cases of discontinuity ; 
and we will now take a particular example. 

164. Let u= U{x + a) (1 +/) dx. Then (1) becomes 

p_^_+A=Jc (3), 

where for symmetiy we put >^c instead of G. 



therefore y~ C = ±'2. 4c{x-\ 

where C is a constant. 



VCi+y") 



is unity, when^ is infinite we have 



for a singular solution of (3). 

Suppose the origin is taken at one of the fixed points ; then 
from (4) 



y Google 



PROBLEM OF LEAST ACTION. 
Thus (4) becomes 



3/±2Vc((i-c) =±2Vc(» + o-c) (5). 

This equation represents two parabolas if c (a — c) is positive. 

Let {h, k) deaote the other fixed point through which the 
required curve is to pass ; then 



h±2 Vc (a - c) = ± 2 Vc tA + a - c), 
BOthat y±4^k^c{a-c) = ^ck; 

therefore [h'-ichf^l&k^ c{a- c) (6); 

therefore IBc" {A' + yt') -8c (A,+ 2a) if + i' = (7). 

From (7) we have two real values of c provided 
{k + 2(t)° is greater than 1^ + A", 
that is provided ¥ is less than 4« (a + h). 

It is plain from (6) that these values of c make c{a — f^ positive, 
Hence we obtain two parabolas provided that 1^ is less than 

165. The example we are now discussing may be enunciated 

thus: determine the path of a particle for which the action ivda 

is a minimum between fixed points, if the velocity v at any point 
is that due to a fall from the straight line x+ a^O; the axis of x 
being vertically downwards. 

If a particle is projected from a point with a given velocity, 
and acted on by gravity, we know that it will describe a parabola ; 
and if the particle is to pass through a second fixed point so long as 
this point lies within a certain boundary there are two parabolas 
either of which may be taken. Hence we conclude that our two 
parabolas are the two which might be described by a particle under 
the action of gravity if it started with the proper velocity, 

The equation I(? = ia (a + h) determines the boundary within 
which the second fixed point must be situated in order that the 
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projectile starting with the proper velocity may reach it; this 
boundary is a parabola ; we shall call it the bounding parabola. 

The value of Bu, by Art. 163, is now 



1 u 

2J(1 



(Sp)" dx. 



If X increases algebraically constantly throughout the Integra^ 
tion thb expression is certainly positive. If x diminishes alge- 
braically during part of the integration, then during that part we 
have to take (1 +p^^ and (1 +p')* as negative ; so that the above 
expression is still positive. If then the arc of the parabola which 
we have to consider does not include the vertex, we may feel 
certain that we have a minimum. But if it does include the 
vertex, since at that point p is infinite, we cannot be certain 
that we have a minimum : the change of sign of (1 +pV s^* ^^^^ 
vertex also would render our process suspicious. 

166. Of course when the second fixed point is beyond the 
bounding parabola neither of the two parabolic paths is possible : 
so that some other minimum path inust exist for this case, and 
may exist even if one or both of the parabolas is also a minimum. 
We have then to discover this other solution ; and also to settle 
the doubtful point noticed in the preceding Article as to whether 
a parabolic path is a minimum. 

167. We shall first investigate whether a solution can he 
obtained by combining an arc of a parabola with the straight line 
defined by a; + a = e: for we have already seen in Art 164 that 
the last equation furnishes a singular solution of the differential 
equation (3) of that Article. 

It is essential that c in (3) should retain the same value at a 
point of discontinuity in order that the part of hu which is outside 
the sign of integration may vanish. Hence p must not undergo 
any abrupt change at a point of discontinuity. Thus if such a 
solution as we are now examining can exist, it must consist of a 
parabolic arc and the tangent at the vertex produced. 
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Thus we have two cases to consider ; the parabolic arc being 
described before or after the straight line according aa the point to 
be reached is higher or lower than the starting point. 



A is the starting point, B the other fixed point, O the vertex 
of the parabola. 

We have to determine whether this solution really gives a 
taimmum. 

If we take the axis of x vertically downwards, an hitherto, the 
value of p is infinite at G; and so Bp may be very great in the 
neighbourhood of G, and we cannot depend on the investigation of 
Art. 163. Let us then take the axia of y vertically downwards. 
Thus 



»=/{i 







^ Thus it is obvious that ^ = gives neither a maximum nor a 
Kiininium ; for it leaves us with 



»=A 



Bi/dx 



J2Vto + «) '"'■ 

and we can of course make this positive or n^ative as we please. 
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We have then still to seek a path of miDitnum action for' the 
case in which the path to be reached is beyond the bounding 



168. Now we have already in the course of our investigations 
jen that a solution of a problem in the Calculus of Variations may 
e furnished, at least in part, by some bounding line which by the 




circumstances of the case cannot be transgressed : and we shall 
find that such is the case with the present problem. 

Let A be the starting point, B the point to be reached ; let GD 
be a horizontal straight line at a vertical distance a above A. 



Then CD is such a bounding line as we have f 
above GD the expression for the velocity becomes impossible. We 

shall shew presently that the integral ivds is a minimum for the 

path composed of the straight lines A 0, CD and DB. Strictly 
speaking we cannot have a particle describing this path, because 
the velocity is zero at any point of CD. But we may suppose a 
curve drawn very close to this path; and the action along the 
curve will only differ infinitesimally from the value of the integral 
taken over the path. 

169. We shall now shew that the integral \vd8 really is a 
minimum for the path composed of A C, CD and DB. 
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This will require some other investigation than those hitherto 
given in tbis Chapter in order to avoid infinite quantities. The 
equation (8) of Art. 167, for instance, is now unsatisfactory because 
y + a is zero along CD. 

Suppose Ac on the curve equal in length to ^ (? on the straight 
line. Divide A C and Ac into the same number of equal infinitesi- 
mal elements. Let PQ and pq be a corresponding pair ; so that 



Ap is equal in length to AP. Then P wi)! be vertically higher 
than p, and so the velocity at F less than the velocity at p ; and 
therefore the action over PQ will be less than the action over pq. 
In this way we see that the whole action over ^ is less than the 
whole action over Ac. Similarly if Bd is equal in length to BD 
the whole action over BB is less than the whole action over Bb. 

And finally the action along OB is zero, and that along cd is 
not zero. 

Thus the action for the path made up of AC, CD and BB is 
certainly less than tte action for the adjacent curve. 

170. We will now return to the point which was left unsettled 
m Art. 165, and determine under what circumstances a parabolic 
arc is really a minimum. 

We will take the axis of y vertically downwards, and put 
the origin at the highest possible point ; that is at a point where 
the velocity must be zero. Thus we have 



M=JVy(l+jj^(ij;. 
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Hence proceediag in the ordinary way to find the minimum, 
B see that we must have 



where c, and c, are constants. 

Then by Jacobi's theory, in Art. 23, the term of the second 
order in Su is 






2J{l+j>')»l»i' 
where z = 5, ^ + J, 

6, and 6, being arbitrary constants. 



(x-c,f\ ,"-c. 



Thus . = S,jl-^i^;.if_!,, 



4c.' J ' 2c, 
6.. 



-j^- -J. 

where cm stands for -;; — - . 
2c, 

We see from (9) that a> =p. 

Now we know it is essential for a maximum or a minimum 
that z should not vanish during the range of the integration. To 
make z vanish we require that 

K 1 



are sure that z will vanish during the range of the integration. If 
— p does not take every value between — oo and+co we can 
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If the arc of the parabola extends from one end of any focal 

chord to the other end p ranges from — oo to « , and there is 

not a minimum. If the arc of the parabola is of greater extent, 
then of course there is not a minimum. If the arc is of less extent 
there is a minimum. That is, to ensure a minimum it is r 
and sufficient that the arc should subtend at the focus an t 
less than two right angles. 

171. Suppose that a projectile is to start from A with a given 
velocity, and to pass through B. Then we know that the focus of 
the path must be in the intersection of two circles, one described 



from the centre A, and the other from the centre B. Thus one 
parabola will have its focus above AB, and the other will have its 
focus below AB. The former parabola does not give a minimum 
action, the latter does. 

This is in harmony with a result we shall presently obtain, 
namely, that of two parabolic paths between the same points the 
action is always greater for the higher parabola than for the lower. 
And the example fornishes an excellent illustration of Jacobi's 
process. If an arc of a parabola be greater than would he cut off 
by any focal chord, suppose a portion of the arc cut off by a chord 
passing below the focus but very close to the focus. Then suppose 
this arc removed and replaced by another with the same chord, but 
having its focus as much below the chord as the focus of the 
original arc is above the chord. Thus we can get a path differing 
only infinitesimally from the former, but giving a less action than 
the former : therefore the former arc cannot be an arc of minimum 
action. 



, Google 



156 PROBLEM OF LEAST ACTION. 

172. Hence our final conclusion is the following : the discon- 
tinuous path composed of three straight lines is always a path of 
minimum action; and for points outside the bounding para- 
bola, as there is no other path of minimum action, this must be 
the path of least action. For points inside the bounding parabola 
there is also another path of minimum action, namely, the lower of 
the two parabolas which could be described by a projectile between 
the two points. Hence for points inside the bounding parabola, as 
there are two, and oidy two, paths of minimum action, one of them 
will be the path of least action. As we shall see presently some- 
times the continuous path is that of least action, and sometimes 
the discontinuous path ; one or the other being necessarily such. 

173. We will now estimate the value of the action in various 
cases. 

In a parabolic path the velocity being that due to a fall from 
the directrix is V2r^, where r represents the radius vector from the 
focus. Suppose 4n the latus rectum; then r = ' — . ; therefore 



Tliua the action is \^%w° i 



00. 2 

Now we know that if a particle were to describe a parabola 
under a force in the focus of the absolute intensity /* the time c 
■ d0 



describing an arc is -^ I — ^ 



Thus we see that the action in the parabolic arc with which we 
are concerned is equal to 2 V/tgr into the time of describing the 
same parabolic arc under a force in the focus. 

Hence we are able to express the action we require by the aid 
of Lambert's theorem respecting the Ume in a parabolic arc. 

Suppose J-j and r^ the radii vectores of the extremities of the 
ai-c, and c the chord which joins these extremities. Then for the 
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arc which subtends leas than two right angles at the focus tlie 
action is 

-§ {(*■! + '■a + c)^ - (r, + *■, - c)^\ ; 

and for the arc which subtends more than two right angles at the 
focus the action is 

^"{K + r. + cjJ + lr.+r.-cft. 

Thus we see that the action is greater for the latter arc than 
for the former. 

By the discontinuous path the action is that which arises in 
going vertically upwards through a space r, and downwards through 
a space r^ ; therefore the action is 

Thus in any particular ease we might determine by calculation 
whether the parabola of minimum action or the discontinuous 
locus gives the host action. 

For example, suppose the second fixed point to be on (^e hound- 
ing parabola; then the two parabolic paths coincide so that the 
common focus is on the straight line AB ; therefore, we have 
c = rj + rj: thus the action for the parabohc path is 

3 

this is greater than the action for the discontinuous path, for 
(f, + J-j)^ is greater than r^ + r^^. 

174. The quantity denoted by r, in the preceding Article 
IS the same as we had previously denoted by a. If we keep 
to the same parabola, but change the position of the second 
fixed point by gradually increasing r, we shall arrive at a point 
such that the action in the discontinuous path is less than the 
action in the minimum pai-abola; for the parabola will touch 
the bounding parabola at some point, and to reach the point 
of contact we know that the discontinuous solution gives the 
least action. 



'-('■. 
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175. It is easy to sae by a diagram that if the minimum 
parabolic path to any point gives a greater action than the cor- 
responding discontinuous path, then this inequality also holds for 
aoy further point on the same parabola. 

The diagram shews that if the action through AB is greater 
than the action through AP, PQ, QB \ then a fortiori the action 
through Ah is greater than the action through AP, Pj, gb. 




Moreover, when B is near enough to A the action through 
AB is certainly less than the action through AP, PQ, QB. 

176. Thus we may conclude that for points within a certain 
boundary, the action is let^t for the minimum parabolic path, 
and that for points beyond this boundary the action is least 
for the discontinuous path. The boundary is determined by the 
condition 

(r, + r, + cf - {r, + r^ - c)^ = 2 -\/2 (r^^+r^^). 

This condition may be easily converted into an ordinary rect- 
angular or polar equation. For instance, to convert it into a 
polar equation, we put 

a for r , r for c, a — rcos0 for r ; 



s the equation becomes 



-(^a-rcos'gj =a'-l-(<i- 
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[Hence, when 5 = we have 

therefore r = a. 

When fi = g we have 

This gives r = a J"JJ^ - 12 = « x 1-36 nearly. 

When ^ = TT, we have 

(a + r)^ - a^ = a4 + (« + r)^ ; 
this requires r to be infinite.] 

177. The problem of the present Chapter has been discussed 
in the Quarterly Journal of MatkemaUcs for November, 1868; 
but I have added considerably to the discussion which is there 
given. The discontinuity which presents itself is very similar to 
that which we had in Chapter IV. ; the reason of the discontinuity 
here being the condition which exists that the required curve 
cannot go above a certain horizontal line. 

178. We will now modify the preceding problem slightly ; 
Suppose that a heavy particle is to move in a smooth tube from 
one fixed point to another, starting with a given velocity : required 
the path so that the action may be the least possible with the 
condition that the path is never to go higher than the higher 
of the two fixed points. 

It is obvious that there must be some path of least action. 
By the Calculus of Variations everything is excluded from the 
path except a horizontal straight line and a parabola with its axia 
vertical. Hence if an arc of a parabola alone will not satisiy 
the conditions, we shall be constrained to adopt the solution 
given by the diagrams of Art. 167. If we ascribe any variation to 
the figures, the variation of the action to the first order will be 
zero for the parabolic part and positive for the rectilinear part : 
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the term of the second order in the variation -of the action is 
necessarily positive as in Art. 170, Hence we are certain that 
we have a minimuin ; and this minimum must give us the le<ist 
actionj as there is no other minimum. 

The position of G in the diagrams is easily determined ; for the 
vertical height of C is known ; and thus the latus rectum of the 
parabola ia known ; and so we can find the horizontal distance 
between G and A or B. 

179, The investigations of the present Chapter naturally 
suggest for discussion the following problem : a particle is pro- 
jected from a given point with a given velocity, and is attracted 
to a fixed point by a force varying inversely as the square of 
the distance : determine the path of minimum action to a second 
fixed point. 

Take the straight line from the first fixed point to the centre 
of force as the initial line; let fi denote the intensity of the 
force, and r^ the distance of the starting point from the centre 
of force. It will be sufficient for our purpose to limit ourselves 
to one of the three cases which might exist, and suppose that 

the velocity of projection. is less than */— ■ Denote the velocity 

of projection by \/( ) ■ Then we know that at any 

distance r from tho centre of force the velocity will be 



then we require the minimum value of u. 

By the usual theory of the subject, we obtain 

/2 IV ^ 

I -77-5 — -^ = a constant ; 
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The integral of this is known to be 



■(2), 



where e and /3 are constants; for this reduces the value of the 
left-hand member to the constant Ja (1 — e'). This integral may 
easily be obtained by finding -j from the differential equation, 

and changing the variable from r to the reciprocal of r. For 
denoting the constant by -^b we get 

Put - for r : thus 

therefore by differentiation 



This is immediately integrable. 

Now (2) is the equation to an ellipse, since the constant e 
is less than unity ; this ellipse has its focus at the centre of force, 
and has 2a for its major axis. 

180. As the ellipse is to pass through a second given point, 
we have now to determine if such an ellipse can always be drawn 
so as to fulfil all the conditions stated. 

Siuce the major axis is 2a, the distance of the second focus 
from the starting point is 2a — r,; so that this focus lies on a 
circle described from the starting point as centre with the radius 
23 -r,. In like manner this focus of the required ellipse lies 
en a circle described from the second fixed point as centre with 
«>dius 2a - r^ where r, is the distance of the second fixed point 
from the centre of force- If these two circles intersect, there 
are two positions for the second focus, and two ellipses can be 
obtMned ; if the circles touch, one ellipse can be obtained ; if the 
circles do not intersect, there is no such ellipse as we require. 
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181. The boundary of the space within which the second 
fixed point must be situated in order that an eUiptic arc may 
connect the two fixed points is an ellipse, as we shall now shew. 




Let be the centre of force, A the fixed starting point, 
F any point on the boundary : then we must have 

AP=2a- 0A + 2a- OP; 

therefore 0P+ AP^ia - OA. 

Thus the locus of P is an ellipse of which and A are the 
foci, and the major axis is 4a— OA : the eccentricity is the ratio 

of OA to the major axis, that is 7™* — . 
■> 4a — »*, 

182, Now guided by the analogy of our preceding investi- 
gations, we may anticipate the following results for our problem 
of minimum action. 

Denote the fixed points by A and S. There is always a 
discontinuous minimum solution which is thus obtained: the 
radii vectores to A and to B must be produced until they meet 
the circle described with as 'centre and the radius 2a; the 
produced parts of the radii vectores together with the arc of the 
circle which they intercept constitute the solution. It may be 
shewn to be a true minimum by the process of Art. 169. 1' 
the second fixed point is outside the bounding ellipse this is the 
only minimum, and therefore gives the path of least action. 
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If the second fixed point is inside the bounding ellipse, two 
elliptic area can be drawn between the two fixed points ; only one 
of these, however, is a curve of minimum action, namely, that 
which has both its foci on the same side of the straight line 
which joins the two fixed points: this can be shewn by Jacobi's 
method as will presently appear. This example of his method 
was indicated by Jacobi himself [See Todhunter's History of 
the Calculus of Variations, page 251.] 

Thus, if the second fixed point is inside the bounding ellipse, 
there are two paths of minimum action, one continuous and the 
other discontimious ; in some cases one of the two is the path 
of least action, and in some caaes the other is : one of the two 
being necessarily the path of least action. 

183. We will now determine by Jacobi's method which of 
the two elliptic arcs gives a path of minimum action. We denote 
by the centre of force ; then being the origin the equation 
to an elhpae is 

«(i-0 



1+ e COS (i9 - ^) ' 

Let jS denote the other focus. It is obvious that for one 
ellipse S and are on the same side of AB, and for the other 
ellipse S and are on opposite sides of AB; in the former case 
the arc with which we are concerned subtends at 8 an angle less 
than two right angles, and in the latter case an angle greater than 
two right angles. We shall shew that in the former case the path 
1 action, but not in the latter case. 



The quantity denoted by z in Art. 25 here stands for 

, dr , dr 
'dp ' de 

where b^ and i^ are arbitrary constants. 

M dr dr 

JNow -Tp=, = ~ e ^f% = — ep. 
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■ we have 

°^"^~^> = l+ecoa(^-j3); 
2ae a (1 — e') dr ,. „, 

^r_ r'-flr (1 +e') 
rfe ae (1 — e^) 

where C, and m are arbitrary constants. 

Hence we must examine the range of values of which 
r'-ar(l + 6') 
P 
18 susceptible. We shall find that if the elliptic arc subtends at 
S an angle of two right angles, the expression is susceptible of all 
values between — « and + co ; and of course this will therefore 
be true if the angle is greater than two right angles : hence in 
thcHft cases there will not be a minimum. But if the elliptic 
arc subtends at 8 an angle less than two right angles the 
expression is not Busceptibie of all values, and so there will be 



Thus 



It is obvious that - ■ — ■ ■ is infinite and changes sign 

P . . 

at a vertex of the ellipse ; hence we shall establish our point 
if we shew that at the two ends of a chord through the focus 
this expression has the same value and the same sign ; for then 
the expression, as it begins with a certain value, changes sign 
as it passes through infinity, and finally returns to its original 
value, will have passed through all values. 
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-ar(l + i!') 
P 



1-°(1 


+ e') 


? 

1-°(1 


+ «■) 


esm(«. 


-« ■ 


o(l- 


«■) 



the value varies as 

r-ajl + e") 
r sin {9- ^)' 

Put 2a -p for r, and p ain <^ for r ein (5 — j3) ; so that p ia 
the radius vector to the focua S, and ^ is the angle which thia 
radius vector makes with the major axis of the ellipse, Hence 
the expression becomes 

p sin 

Now sin ^ has numerically the same value at the two ends 
of the chord through S, but with opposite signs ; let p, and p, 
denote the two values of p. Then we have only to shew that 

thatis a(l_e')('- + i'l = 2; 

and this is obviously true. 

184. The action through any arc of the ellipse described 
under a force at is known to vary as the time of describing 
the same arc under a force at 8; the theorem of Art. 173 ia 
indeed a particular case of this. Thus we might express the 
action as in Art. 173 by using the theorem for an ellipse, which 
la analogous to Lambert's theorem for a parabola. 

185. It is easy to illustrate discontinuous solutions still 
further, by an example like that of Art. 178. Eeqnired a path 
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of minimum action between the two fixed points A and B with 
the condition that the path shall lie entirely between two circles, 
one described with centre and radius OA, the other described 
with centre and radius OB. It is possible that an arc of an 
ellipse alone will satisfy the conditions. If not, the path must 
be composed of an arc of an ellipse having one extremity at 
one fixed point, and touched at its vertex by an arc of a circle 
described from as centre with a radius equal to the distance 
from of the other fixed point. 

[This will be sufficiently obvious from what has been already 
frequently stated. The path can consist of nothing but some 
combination of an arc of an ellipse with an arc of the prescribed 
boundary. It is necessary that the two arcs should touch at the 
common point in order that the term in the variation which ia 
free from the integral sign may vanish. Thus the common point 
must be a vertex of the ellipse. 

Let M be taken as in Art, 179. Then it will be found that for 



•/{ta- 



the arc of the circular boundary 8m reduces to I - 

This is positive. T'or suppose that the arc of the circle is part of 
the larger circle ; then Sr is necessarily negative along the circular 
arc. And a — r is negative. For, by hypothesis, the elliptic 
solution which would be applicable if there were no condition 
imposed is now inapplicable ; that is, this ellipse would cross the 
boundary. Bat by Art. 183 this ellipse has both its foci on the 
same side of AB: and this makes the distance from of the 
more remote of the two points A and B greater than a ; that is, 
r is greater than a. 

In like manner if the arc of the circle is part of the smaller 
circle Bu is positive; for then hr and a~r are both positive.] 
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SOLIDS OP MINIMUM RESISTANCE. 

186. To find the form of a solid of revolution which experi- 
ences a minimum resistance when it moves through a fluid in the 
direction of the axis of revolution. 

I need scarcely say that the interest of this problem arises 
from its historical connexion with many illustrious names, including 
that of Newton ; and is thus quite independent of the amount of 
practical value of the results, and of the trustworthiness of the 
ordinary theory of the resistance of fluids. 

Take the axis of a: as that of revolution ; then by the ordinary 
principles we require a minimum of 



Hence, in the usual way, we obtain 



1+/ **^ 



(i + pT 






: constant (1). 



Denote the constant by — 2c, ; then we have 

,-. ^(i+y')' 
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Hence, by differentiation, 

c,{p- + l)(f-S) dp 



p IB greater or 

less than 3 ; for we may take c, to be positive ; in the former case 
the generating curve is convex to the axis of x, and in the latter 
case concave. 

Now denoting ,-^, by (p), we find that 

,, , . V + P' 



*" (?) 



2p(3-y') 

" (i + pT ■ 



Hence by the general investigation given ia Art. 2 
for the term of the second order in Su 



i 1-1+/)' t' 



It follows at once that there will be no minimum if j? is 
greater than 3 within the range of the integration. But if p' is 
less than 3 throughout this range the curve is concave to the axis 
of X an we have already seen : thus y" is negative, and we have 
necessarily a minimum. 

Ar,d ._/^.c./(£!±iK£!zl)rfj, 

-<•.{•■«?■ +J. + |.} + c. (3), 

where c, is an arbitrary constant 

Let U9 now suppose that the generating curve is to terminate 
at fixed points ; so that the surface is in fact to be a zone of a 
surface of revolution. From (2) and (3) theoretically we must 
eliminate p, and thus obtain an equation between x and y and 
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the eonatants c, and c^. Then having given the co-ordinates of 
the two fixed points we have two equations for determining the 
constants. Thus theoretically all is satisfactory. But there are 
some important remarks to make on the solution. 

187. We must be careful not to speak of our solution as giving 
the solid of least resistance. Legendre in fact pointed out that by 




taking a zigzag line for our generating curve we might make the 
resistance as small as we please. [See Todhunter's History of 
the Calculus of Variations, pf^e 229.] 

Our solution gives us only a solid of minimum resistance ; by 
which we mean that if we pass from our generating curve to 
another by giving to y and p infinitesimal changes, we shall obtain 
a solid of greater resistance. But our investigation does not allow 
us to pass from our curve joining the fixed points A and B to the 
zigzag line ; because although the change in y might be infini- 
tesimal throughout, yet the change in p would not be such. 

It should be observed that Legendre's zigzag line may be 
supposed to be su^ested by the fundamental equation (1) of 
Art. 186 ; inasmuch as p = is « solution of that equation, namely, 
when the constant is zero, Legendre himself does not make this 
remark, which is however important ; for otherwise we might be 
left with a feeling of general distrust, and the expectation that 
solutions will present themselves in an arbitrary manner without 
the warning of the fundamental equation. 
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188. Suppose however we add to oiir problem the condition 
that the generating curve is to have f always with the smrie sign. 
It is obvious that there must be some curve with this condition 
which generates the solid of least resistance ; and our investigation 
assures us that it can be no other than the curve which we have 
obtained ; unless it be some discontinuous line to which we shall 
presently advert. Hence finally ; if we do not impose the 
condition that p is to be of invariable sign, we can only say that 
our solution gives a minimum with respect to infinitesimal varia- 
tions of y and p ; but if we impose the condition, we may assert 
that our solution gives the solid of least resistance unless any 
discontinuous solution can be found. 

189. But it is easy to see that the continuous solution which 
we have obtained cannot be universally applicable. 

Let A and B be the fixed points ; and suppose that the straight 
tine drawn from ^ to -B is inclined to the axis of x at an angle 



greater than 60° : then it is certain that we cannot draw a curve 
from A ia B with the condition that _p' shall always be less 
than 3. We must therefore seek for another solution. 

Now if we limit p to have always the same sign, we do m 
effect determine that our curve shall not fall outside the rectangle 
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which has AB for a diagonal, and has two of its sides parallel 
to the direction of motion. 

Therefore we naturally proceed to enquire if the boundary 
thus assigned does not itself in part constitute the generating 



Suppose the axis of y to pass through A, We propose to 
seelc for a solution composed of AC, which ia part of this axis, 
and a curve CB which satisiies equation (2). 

190. Let OC-=y^, and OA = k; let the abscissa of B be a, 
and the ordinate b. 

Then we seek for a minimum of 



Put«fory;+2ffP!^. 



Then find Su, and make the part of Sw which is of the first 
order and under the integral sign vanish ; when this is done, 
the remaining term of the first order in Su is 



2j. 



the subscript indicating that the values correspond to the 
point C. To make this term vanish, we must have 

f 3P-H-/ I 

1 (!+/)■). ■ 
which leads to p„ = l. Thus the curve must meet the axis of 
y at an angle of 45°. 

Now consider the part of 8m which is of the second order. 
From the term j/„' in u there arises {Sj/„)'. From the other term 
in u, remembering that j„ is not constant, we have by the general 
investigation of Art. 26, 

- mp) i^^yi + f </>"(?>) (y {¥)" - y'i^yf] <^- 

where ^ (p) stands for ^ , . 
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Thus we have ^'(p) = 1 when p = l. Hence Sw reduces to 

which is essentially positive, 

191. It only remains to enquire if real values can be found 
for the constants c, and c, which occur in our diKContinuous 
solution. 

Let CT denote the value of p at B ; then since p = l at A, 
we have, by equations (2) and (3), 

^^ cjl+y)' ^ 

from these we have to determine c„, c,, y, and nr. 

Substitute the value of c, from the second of these equations 
in the last ; then we have 

y,= *c, (4), 

6=^.il+5T (5), 

a = c,{log«. + l, + ^-^ (6)- 

From (5) and (6) we determine w ; for by division we have 

« >i 3 7,' 
w log tir + tiT+-T j-W 

since the expression on the second side of this equation would 
change from infinity to zero, as vr changed from 1 to 0, a real 
value of «r to satisfy the equation must exist. Then from (5) 
we find c,, and from (4) we find y,. 
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192. In order, however, that this solution may hold, we 
must have y„ greater than h, that is 4c, greater than k. It is 
not in our power to give a simple expression for the relation which 
must hold between a, b, and k at the limit of the possibility of 
the solution. We can however shew that if b — k is greater than 
a the possibility is ensured. 

For from (5) and (6) we have 

s-« = M CT, 

where z-stands for 

(l+»')' /, ,1,3 7\ 



-(!:: 



Hence we see that z = 4 when w = 1, and that z diminishes 
as w diminishes from the value unity. 

It follows then from (7) that 4c, is never less than fc — o; 
and as 6 — o is by hypothesis greater than k, we have 4c, greater 
than k. 

Thus the solution which we have obtained is certakily ad- 
missible in some cases in which the continuous solution is not 
admissible, namely, the cases in which h~h\s greater than a^/Z. 

193. The next question is whether any other solution can 
he found. The ordinary theory of the Calculus of Variations 
assures us that there can be no ctmtinuous solution except that 
which we first obtained, or, in other words, that there is no other 
solution in which hy is susceptible of either sign. Thus there 
can be no other solution than the continuous solution, and a 
solution or solutions composed in part of the boundary to which 
we are by supposition restricted. We have already investigated 
one such discontinuous solution. Two other cases present them- 
selves for examination. We may try if the generating line can be 
composed in part of a straight Hne parallel to the axis of revolution 
drawn through the more remote of the two fixed points. But 
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it may be ascertained immediately that no solution of this kind 
exista. For the upper limit of integration will now not be fixed ; 
denote thia limit by a:,. Then we should require a minimum of 

and hence in the variation there arises a term 






dx,, 



which does not vanish. 

The only remaining case for examination is that in which the 
generating line consists of the curve AG, and the portion CB 
of the ordinate at B. 




Let y, denote the ordinate of C. Proceed as in the former 
sa We now seek a minimum of 



The term of the first order in the variation outside the integral 
sign will now be 

To make this vanish we must have p, = 1, so that the curve 
must now meet the ordinate of B at an angle of 45° 
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The term of the second order in the variation arising from 
' i cancelled by a similar term arising from the variation 

dx ; and we are finally left with the same essentially 

positive value of the term of the second order in the variation 
as we had in Art. 190, 

194. To determine the constants c, and c, we have the fol- 
lowing relations, where ct now denotes the value of^ at A. 

n_„ f^ 1 3A . . 






And TIT must lie between 1 and ^3 ; also 4c, must be less 
than b. 

By eliminating Cj and c, we arrive at the following equation : 

As BT varies from 1 to */S the right-hand member of this 

expression varies from to -j^- U - -^|— ] , so that if ^ lies 

between these limits a real value of cr can be found to satisfy 
the equation. But this solution only gives a solid of minimum 
resistance, and not the solid of least resistance, as will appear from 
the next Article. 

195. In Art. 190 we see that the tangent to the curvilinear 
part of the solution never makes with the axis of revolution 
an angle greater than 45°. This result is in harmony witli an 
mteresting proposition given by the late R. L. Ellis ; see Quarterly/ 
•Journal of Mathematics, Vol. X. p. 122. It follows from Mr Ellis's 
proposition that our solids would not be solids of least resistance 
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even with the condition of having p always positive if the value 
of J? were ever greater than unity. The proposition of R. L. Ellia 
is a generalization of one given by Newton : see the Prtncipia, 
Book II. Prop. 34. Newton may be said to be the first person 
who treated a problem of the Calculus of Variations ; and that 
problem involved a discontinuous solution. 

196, Let us now finally sum up the results we have obtained 
with respect to the continuous solution and the two discontinuous 
solutions. 

By virtue of Legendre's remark already noticed none of these 
solutions gives us a solid of least resistance. 

Every one of these solutions when it really exists gives us 
a solid of minimum, resistance ; that is, any admissible variation 
in the form of the generating curve would increase the resistance; 
by an admissible variation, we mean that By and Sp must be 
always infinitesimal, and that our curve is to be comprised be- 
tween the extreme ordinates, so that no variation is required 
for X. 

If we impose the condition that p is to be of invariable 
sign, then in eveiy case one of our solutions gives the solid of 
least resistance; namely, the solution which exists, supposing 
that only one exists, and that for which the resistance is least 
when more than one exists. 

197. The discontinuity which occurs in the preceding inves- 
tigations may be considered to arise from the conditions which we 
impose, namely, explicitly that p is to be of invariable sign, and 
imphcitly that the curve is to be comprised between the extreme 
ordinates. The fundamental relation of Art. 1 86, namely 



may be considered to be satisfied in a certain sense by ^ = oo , and 
this may suggest a straight line parallel to the axis of y as forming 
a part of the solution. But unless the conditions be imposed we 
shall not be able to shew that we have really a minimum. 
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For example, if id Art 189 we were at liberty to extend to the 
left of the axis of y we might replace AG hy & boundary which 
would give a less resistance. 

198. A particular case of the preceding problem may deserve 
special notice, namely, that in which one of the fixed pointa is on 
the axis of revolution. 

Generally suppose we require a maximum or minimum of 

\y^ [p) ^^- By the ordinary method we obtain 

? [0 (?) -p4'' (f)] = constant. 
If one of the extreme points is on the axis of x, and 
(;') ~p<}>' ip) is never infinite, the constant must be zero. 

In the present case we thus obtain 



This will not furnish us with any minimum, except we regard 
as such Legendre's zigzag line which may be supposed to corre- 
spond to p = 0. We may consider that we obtain a maayimum. by 
combining y = with p = cc, that is, by taking a portion of the 
axis of X and the ordinate of the second fixed point; for thus we 
obviously obtain the greatest value. 

If we impose the condition that p is to be always of one sign, 
we shall obtain a minimum like that of Arts. 189. ..191; the 
solution is always applicable, for we shall not now require as in 
Art. 192 that ic^ shall be gi-eater than an assigned positive 
quantity. And as no other minimum presents itself, we infer 
that we have the figure of least resistance, under the assigned 
condition. 

199. The following elementary problem will serve to illustrate 
the result which we obtained in the discontinuous solution of 
■Art. 190, that the curve meeta the initial ordinate at an angle 
of 45". 
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A and B are fixed points, i* is a variable point on the ordinate 
at ^ : it is required to determine the position of P, so that the 



resistance on the surface generated by the revolution of the 
straight lines AP and PB may be the least possibla 

Let 0P= y; let OA = k; let h be the ordinate of B and a the 
abscissa. Let 6 be the inclination of PB to the axis of revolution ; 
then b~y = a tan $. 

The resistance varies as y'' ~¥ + (&' - j") sin' d, that is as 
3/'cos'fl + i'sin*^-jy, that is as (Jcos^-«sin^)'' + i°sin'5- if, 
that is as h*-U- 2ah sin ^ cos fl + a' sin' 6, that is as 



£"-&'+ ^ -at sin 25- -^ cos 
that is as J* — fc* + -^ — 

where cos a = 



^*f-±i'-'eos(2e-.), 



The resistance is therefore least when 25 = a. 
If o be very small this gives very nearly 25 = ^ . 

We may observe that if 9 is greater than ^ 0"^ expression 
for the resiatance increases with S. 
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200. Another elementary investigation may also be usefully 
supplied here. 

Suppose PQ an indefinitely small arc of a curve; PM and 
RQ any indefinitely small arbitrary straight lines: required an 



expression for the difference between the resistance on the strip 
of surface generated by the revolution of PQ and the sum of 
the resistances on the strips of surface generated by the revolution 
olPJiajidSQ. 

Let X and ^ be the co-ordinates of P; x + dx and y + dy 
the co-ordinates of Q. Let PM = v, RQ = vi. Let a be the 
inclination of PR to the axis of x, and ^ the inclination of RQ 
to the axis of x. Let PQ = ds. 

Now omitting a certain factor in the usual notation, which 
is constant, the resistance on the strip of surface generated by the 

revolution oi PQ will be ultimately ^yC-f) ^y\ ^^^ resistance 
on the strip of surface generated by the revolution of PR will 
he ultimately ^yv sin' a ; and the resistance on the strip of surface 
generated by the revolution of BQ will be ultimately 2y w sin* jS. 



Hence we require the value of 



sin a — Id sin / 
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But V sin a + 10 sin ^ = dy, 

and V COS a + w cos ^ = dx; 

^, - dy cos B ~ dx sax B 

therefore v= ■ . -^ — ~ — ~ , 

sm (a — p) 

J dx5ma. — dy cos a 

and w = -. — - — ^3^- - . 

Bin (a — p) 

Thus our expression becomes 

\(dyV', {dycos&— dxsm^)si.i^a-\- {dxsrnii—dy cos a)sm'&\ 

^^ Ws) '^^-~ '-^\^{^^r^ — ]' 

and this = 2y \ (-^j dy + dx sin a sin ^ sin (a + ^) 

— ■ ■ -T- — 7r- Fcosfisina CI — cos'a)— cosasinS(l — cos'/3)U 
em (a - y3) "- "^ ■ ' "^ ^ '^^■'J 

«=2y|('-^J (?i/ + da;sinc(ein;3sin(a + ;i3) 

— dy + dy cos a cos jS cos (a + ^) [ . 
By putting this into factors we obtain 



{dy cos a — dx sin a) (dy cos fi — dx sin j8) f (?y cos 7 + die sin 7) ; 



where 7 stands for a + / 
For a paiticular ci 
expression becomes 

and this is positive. 



y dx {dy — d x)' 
ds' ' 




This particular case and the next particular ca«e are given 
a the Quarterly Journal of Mathematics, Vol. X. page 122, 
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This shews that if we have a curve such that the 1 
is everywhere inclined to the axis of x at an angle greater than 




we can diminish the resistance on the solid generated, by 
from the curve to the notched houndary where the straight 
lines are alternately inclined at 90° and 45° to the axis. 

For another particular case of the general result, let PR be 
inclined to the axis of x at 45° and JSQ at 90°; then we shall 




find that the sum of the resistances corresponding to PQ and QR 
exceeds the resistance corresponding to PR by 

y die {dy — die)" _ 



and this is positive. 



da* 
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201. Now let AP be any arc of a curve, such that the tan- 
gent FT at P is inclined to the axis of x at 45^ ; let -4 J" he 
inclined to the axis of x at 90". We proceed to compare the 
resistance on the surface generated by the revolution of AP with 
the resistance on the surface generated by the revolution of -4 2" 
and TR 



Let OA = y^, 
of P. 



0T = 



let h and k be the co-ordinates 




We shall now estimate the resistances ; vre omit, as before, 
a certain constant fa<;tor. 

We imagine a series of zigzags drawn hke that of the first 
particular case of Ait. 200. 

The resistance on the surface corresponding to AT and TP 

The resistance on the surface which would correspond to the 
vertical parts of the zigzags along AP 
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= 2 I y ((% — dai) = 2l ydy — ^\ ydx 

= i'—2/g* — twice the area OAPM. 

The resistance on the surface which would correspond to the 
inclined parts of the zigzf^ along AP 



<>l 



dx = the area OAPM. 



Thus the resistance on the surface which would 
to the whole of the zigzags 

= k^— y^ — the area OAPM. 

This exceeds the resistance on the surface corresponding to 
ATxaA TP hy 

g Qc' - a') ~ the area OAPM, 

that is, hy the area ATP; for 

^{k + a){k-a) is ^{0T+P3f) DM, 

and is therefore equal to the area OTPM. 

By the first particular case of Art. 200, the resistance on the 
surface generated by the revolution of the curve AP exceeds 
the resbtance on the surface which would be generated by the 

revolution of the zigzags by I i-j^L L ^ where the integral 

extends throughout the curve. 

Thus finally the resistance on the surface generated by the 
revolution of the curve jlPexceeiia the resistance on the surface 
generated by the revolution of .4 2" and TP by 

J y*^ '^- ■''''' + the ^e.^rP. 
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202. Next suppose the curve and the tangent produced 
beyond P ; let B8 be inclined to the axis of or at an angle of 90° : 
we shall compare the resistance on the surface generated by the 
revolution of P8 with the resistance on the surface ; 
by the revolution of PB and B8. 

Let iC,, y^ be the co-orjinates of B; Jet SG=h. 




We imagine a series of zigzags drawn like that of the second 
particular case of Art. 200. 

The resistance on the surface corresponding to PS diminished 
by the resistance on the surface corresponding to B8 



on the surface which wou 
i zigzags along PB 

'=2Ji/{dx-di/)^tmcetheaiea,MPBG-(i/^^-h^). 

1 the surface which would cor 
zigzags along PB 

2 jy-tfo = thearea MPBG. 



The resistance on the surface which would correspond to the 
vertical parts of the zigzags along PB 



The resistance on the surface which would correspond to ths 
inclined parts of the zigzags along PB 
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Therefore the resistance on the surface which would cor- 
respond to the inclined parts of these zigzags dimioished by the 
resistance on the surface which would correspond to the vertical 
parts 

= J/,' ~k'~ the area MPBC. 

This exceeds the resistance which corresponds to the difference 
oi PS and SB by 

J {l/-k'^- the area MPBC, 

that is, by the area of PBS. 

By the second particular case of Art. 200 the resistance on 
the surface generated by the revolution of the curve PB exceeds 
the resistance on the surface which would correspond to the 
difference of the vertical and inclined parts of the zigzags by 

f i/dx (dy — dx)'' 
J ' ds' 

Thus finally the resistance on the surface generated hy the 
revolution of the curve BP exceeds the resistance which corre- 
sponds to the difference of PS and SB by 

/ y'^'j^r ''"'' + the a,eaP^a 

Or, which is the same thing, the resistance on the surface 
generated by the revolution of the curve PB, together with the 
resistance on the surface generated by the revolution of B8, exceed 
the resistance on the surface generated by the revolution of PS by 

fl'^J'P*S+ the area PSS, 
J as 

The investigations of this and the preceding Article are 
omitted in the paper of the Quarterly Journal of Mathematics, 
to which I have already referred, although they are necessarily 
required there. 
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203. The proposition given by R. L. Ellis, to which I referred 
in Art. 195, is the following: Take the diagram of Art. 202; let 
AB be an arc of a curve ; let T8 be a tangent at P, inclined at an 
angle of 45° to the axis of x ; lot TA and SB be inclined at an 
angle of 90° to the axis of x. Then if the figure revolve round 
the axis of x, the resistance on the surface generated by 8T and 
TA ia less than the resistance on the surface generated by SB 
and BPA. 

The demonstration is contained in Arts. 201 and 202. 

Mr Ellis established his theorem geometrically. An analytical 
investigation is given in the Quarterly Journal of Matkemaiics 
which is unsatisiactory ; for it confounds the resistance on the 
surface corresponding io AT and TP with the resistance on the 
Surface which would correspond to the zigzags along AP. But 
these two amounts of resistance are not equal; the latter is the 
greater, as we have seen in Art. 201. 

204. The proposition given by R. L. Ellis may also be esta- 
blished in another manner, which indeed resembles his own. 

We will confine oureelves to the part PA of the curve, as the 
remarks made can be easily applied with suitable modifications to 
the part PB. 

The curve may be supposed to be generated by the perpetual 
intersections of straight lines. Suppose QE and RF to be two 
consecutive straight lines. Then 1 shall shew that the resistance 
on the surface corresponding to FE and EQ is less than the re- 
sistance on the surface corresponding to FR and RQ; or, which is 
the same thing, the resistance on the surface corresponding to FE 
and ER is less than the resistance on the surface corresponding 
to FR. It is obvious that if this be true we may pass by a series of 
changes at every one of which tlie resistance is diminished, from the 
resistance on the surface con-esponding to the ^P of Art. 202 to 
the resistance on the surface corresponding to the AT and TP. 

Now the fact that the resistance on the surface con-esponding 
to FE and ER is less than the resistance on the surface coire- 
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aonding to FE is obvious by the last line of Art. 199. It may 
e established by a formal use of the method of variations thus : 




Let y refer to points on FR, and lot Sy denote the variation by 
which we pass from FS to ER. 



Let«=ff-^; 
J l+»" 



I that Sttw measures the resistance on t 



surface corresponding to FB. The change in passing from FR to 
FE and ER is therefore 

^TTi/^y^ + SttSm ; 

Since J) is constant wo see that hu reduces to 



t that Si 



, Google 



188 SOLIDS OF MINIMUM RESISTANCE. 

Hence ^iry^y^ H- 2ttSw 

= 2^A. f - ( ii:^.yi }. - 2- J (i + J,.). 

= 2-A r-?f-^5. - 2- f y-/-^y-/)v» . 

This is certainly negative if pj, is not less than unity. 

205. We may briefly advert to the problem of finding a solid 
of mammnm resistance. In this case we should have the same 
fundamental equation aa in Art. 186. The solid of greatest 
resistance will correspond to the solution given by combining p = 
with p = 00 , The generating curve may be supposed to consist of 
a straight line through A parallel to the axia of x, and the part of 
the ordinate of B cut off by this straight line. 

The same amount of resistance will of course be obtained by 
a hne composed of a series of steps. 



Perhaps besides this solution which gives the greatest resist- 
ance a solution might be found to give a maximum resistance for 
admissible variations. Jacobi's theory shews that the value of p' 
in the curve corresponding to (1) of Art. 186 must in that case 
never be less than 3. 

If we rec^uire the generating curve to be of given length, there 
will certainly be some solution for which the resistance is greatest. 
The equation which will be obtained in the next Article of course 
applies here. 

206. Suppose it were required to determine the solid of revo- 
lution of least resistance on the supposition that the generating 
curve is terminated at two fixed points, and has a given length. 

By the usual theory we have to seek a minimum of 



where c is a constant. 



j{j^.^c^^.. 
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=^ = a constant ; 



then X njay be expressed in terms of p by the relation 



J p 



But the expressions are too complicated to be of any service. 

We may however be sure that there must now be some solid 
of least resistance Tinder the condition of given length of the 
generating curve. Suppose the given length happened to be 
exactly the length of the curve in Art. 190 ; tben that curve 
■would give a minimum solution of the present problem. If we 
impose also the condition that p is to be always of one sign, then 
in the case in which the solution of Art. 190 is the only solution 
of the problem -without the condition of given length, it will be the 
only solution of the present problem if the given length happens 
to coincide with the length thus obtained. Hence we have a dis- 
continuous solution of the present problem in certain cases. 

207. We proceed to another variety of the problem of a soHd 
of minimum r 



A solid of revolution is to be formed on a given base, so as to 
have a given surface and to experience a minimum resistance when 
it moves through a fluid in the direction of its axis. 

Take the axis of x for that of revolution, and make y the 
independent variable. We have then to find a minimum of 



/.{: 



1 +07' 

dx 
where w stands for -;- and c 
dy 



+ cjV(l+w*)^ 



Denote the integral by w; then 



■/>f: 



3^_ 



' 'i [1+^)1'^ {u 
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The term of the first order is transformed in the usual way, 
and is made to vanish by the supposition 



and this constant must be zero ainoe the generating curve is 
BUpposed to meet the axis of x. We have then to form a solu- 
tion consisting of a straight line or straight lines, which are 
furnished by 



= 0, or « 



= 0, 



V(i + ^ 



(H 



The last of these gives 



Thus ii BG=h, and we draw BA so that the surface generated 
by the revolution of BA may have the given value, this conical 




surface satisfies the conditions for a minimum. For the term of 
the first order in hu vanishes, and the term of the second order 



' J. (iTi 



^(Ssr)*Jf/, which is positive. 



208. If ED is equal to EA we may take the discontinuous 
locus formed of BE and ED instead of that formed by BA. Thus 
if we propose that the generating curve shall pass through a fixed 
point D on the axis we may suppose that our generating cur^e is 
composed of BA and AD, or of BE and ED : the surface and the 
i the same in the iyio cases. 



, Google 



SOLIDS OF MINIMUM EESISTANCE, 



191 



The discontinuity which exists when we take BE and ED for 
the generating line is like that of Art. 9, and arises in the same 
way ; the equation here from which w is found gives us two values 
numerically equal but of opposite signs. 

It is obvious that we may increase the number of zigzags with- 
out changing either the area of the surface or the amount of the 
resistance ; and so the generating curve can always if we please be 
comprised between the ordinate at B and any other fixed ordinate. 

209. We observe that the case tr = presents itself among 
those to be examined in Art. 20S. This gives great variety to the 
figure which has the property of a minimum. 

For example, suppose DE parallel to the axis of y, and FE and 
DB parallel straight lines. Let the lengths of the lines be such 




that if FEDB revolve round the axis of x the surface generated 
has the given value. Then the figure thus formed has the 
minimum property ; that is, any figure obtained from this by an 
admissible variation, and generating an equal surface, will corre- 
spond to a greater resistance, provided the variation is not limited 
to the part DE alone. 

Tor the term of the first order in Sw vanishes, and the terra of 
the second order vanishes for the part DE, and for the rest of the 
figure retains the form given to it in Art. 207; and this is 
positive whatever may be the value of w. 

210. But such a figure as that in the preceding Article will 
not correspond to the least resistance. To shew this we have only 
to consider the following proposition : 
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A surface is generated by the revolution of a straight line PS 
round the axis of x ; another surface ia generated by the revolution 




of the composite line PQ and QB ; supposing the areas of the 
two surfaces equal, the resistance on the latter is the greater. 

Let Pr=b. QT=r, P8T=a, QRT=^. 

Since the surliices are equal we have 

&' „ „ r" ,, , . 6' (1- sin a) si 

^h^—r^^-—-- therefore r*= — ^^ — 

Bin a sin p 



(1 — sin /3) sin a 

The resistance corresponding to PS varies as 6* sin' t 
resistance corresponding to PQR varies as /sin'/SH- 6'-r 
latter = S' sin' a + 6' (1 -sia'a) -r'{l -sin"^) 



the 
; the 



= J" sin' o + 6M 1 - sin" a — 



sin ,8 (1 — sin a) (1 4 



= 6- sin= a + ^-^^^^^^^M (U sin a) sin a - (1 + sin ^) sin ^} 
sin OL (' ) 



.m^i 



- (sin a — sin ^) (1 + sin a -f- sin 0). 



It IB obvious that this is greater than i* sin* a. 

211, Thus it is clear that we cannot obtain the solid of lea^i 
resistance if we make any use of the solution ot = 0. 

As to the solution y = this would correspond to in- = oo , and 
the investigation which has been given is not very satisfactory in 
this case. But on changing the independent variable from ^ to a; 
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we shall see that p — corresponds to a minimura. But this 
result is of no consequence, as the surface and the resistance both 
hecome zero when y = ; so that it makes no difference what 
portion of the asis of x is comprised in our solution. 

Hence it follows that to obtain the solid of least resistance we 
must take the solution of Art. 207. 

212. Suppose in Art. 210 that Q is very near to P; still the 
conclusion holds that the resistance on PQ and QU is greater 
than that on PS. This may at first appear inconsistent with the 
statement of Art, 209, that the diagram there given corresponds to 
a minimum ; for it is clear that by such a change as consists in 
taking PS instead of PQ and QB. the resistance is diminished. 
But it must be observed that such a change cannot be made by 
an adiniasible variation; in passing from PQ to PS although the 
variation in a; may he infinitesimal, that in w will not be infini- 



213. Suppose in this problem that we require the generating 
irve to terminate at iixed points, and also impose the condition 



Let A and B denote the fixed points, A being on the axis of 
revolution. Draw BG and £F perpendicular to the axes. 




If the given area of the surface lies between that gene- 
rated by BO and that generated by BA, the required solution is 
made up of two paries AD and DB. If the given area of the 
surface lies between that generated by BA and that generated by 
■4f and FB, the required solution is made up of two parts AE 

13 
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and EB, In tlie former case we in fact combine y = aad 
'^ - = — - ■ in the latter case we combine i!r=0 and 



"We may observe that it can be immediately shewn that the 
area of the surface in the second case increases as AE increases. 
For take the general expression for 8S given in Art, 84, and 
put 2=0; thus we obtain for the variation produced by a change 
of a stmight Ime BE to a slightly higher position 






the latter term is positive, the former term is less than 27r(3f%)„ 
which is the increment of the surface generated by AE. 

214. Let us now briefly advert to the problem in which the 
resistance is required to be a maximum, the area of the surface 
being given as before. 



It is evident that the greatest resistance is obtained by 
supposing the surface generated by a straight line DBG at right 
angles to the axis of such a length that the area of the circle thus 
obtained may be equal to the given area. 

This result may be extracted too from the formula; the 
solution must be considered to be or = 0. Let CD be denoted 
by J, ; then we must remember that i/j is variable, and so to the 
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value of Su iu Art. 207 we must now add 



- 1 ; and then the 



that IS J", (1 + c) Sy, since ■or = 0. 

To make this vanish we should require c = 
, term in Su of the second order is negative. 

If however the generating line is not allowed to have any 
ordinate greater than that of B we must take a different solution. 



Draw BO parallel to the axis of x and CD perpendicular to it ; 
let BO be of such length that the surface generated by the 
revolution of i?C and CD may have the given area: then the 
solution may be considered to be made up of BC and CD. 

The part CD corresponds to w = ; the part CB corresponds 
to CT = 00 , which with c = may be considered to satisfy the 
fundamental equation of Art. 207. It would be unsafe to rely 
upon the investigation on account of the infinite value of ■m; but 
it is obvious that this figure gives us the greatest possible amount 
of resistance. 
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SOLID OF MINIMUM RESISTANCE WITH GIVEN VOLrME. 

215. The following interesting variety of the proUem of the 
solid of minimurei resistance has been recently considered : a 
solid of revolution is to he formed on a given base with a given 
volume so as to experience a minimum resistance when it moves 
through a fluid in the direction of its axis. See PhilosopMcal 
Magazine for November, 1867. 

I borrow little more than the enunciation of the problem ; in 
feet the discussion which will now be given is almost entirely 
new ; all that relate.? to the interpretation of the results, and 
to discontinuity, is of course here given for the first time. 

216. Let Ox denote the axis of revolution, AB the generating 
curve, BG the radius of the given base. 



Take the origin at any point of the axis; let 00= a, and 
BG=h; these may be considered known quantities. 

Let OA ~ X. which is not known. 
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By the usual theory we seek for a minimum of 

where X is a constant at present undetermined. 

By putting the variation of this to the first order equal to zero, 
we obtain in the usual way 

^.?^, + 2X^ =^^SX4fi + a constant. 

The constant here must he zero since the curve meets the 
axis of X. Hence , 



or putting - for X, we have 






^=(^7? '"• 

Thus (1) determines the generating curve; we shall show 
that this curve is a hypocycloid. 

Put p = tan ^ ; then 

y = c sin' ip cos ip ; 



therefore T^ ~ '^ (^ ''°^' ^ ~~ ^^''^ "^^ ^^^^ ^' 

dx 
and JA " " ^^ '^°^' ^ ~ ^^^ ^' ^™ "^ ^'^^ ^' 

Hence, squaring amj adding, we have 

ds 

, = c (3 cos° i^ — sin" ^) sin = c sin 3^, 

where s denotes the arc of the curve ; therefore 

8 = constant — = cos 3^. 
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Hence tbe curve is a hypocycloid in which the radius of 
the moving circle is one-third of the radius of the fixed circle : 
see Todhunter's Integral Calculus, Art. 112. 

When 2/ = 0, we have either if = or ^ = -^ : at present 

we shall discuss the former case. 

217. We suppose then that ^ = when y = 0, and we measure 
s from that point ; thns 

s = 5 (1 - cos 3^). 

Let <^, be the value of <^ when y = h; then to determine 
c and ^, we have the following equations : 
6 = C8iu'0, cos<^,, 

IT \ y' dx^ the given volume ; 

the latter equation may be written 

TTc' I ' sin' ^ sin 3^ cos" tf>d<f>= the given volume. 

Effecting the integration and substituting for c, we find that 
the expression on the left-hand side is 

U ~ 10 ^'3 ^'^ "^V 
sini^,C08 (ft, 
It ia obvious that the value of this expression can he made 
as great as we please by taking <p^ small enough : but the value 
cannot be made as small as we please, for of course it is greater 
than 

l-gsin^^,j; 

and it may be shewn that this is always positive, and has its 
least value when ^, = 5 . namely 



T,,/3 7 



120" 
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Hence the solution we are considering becomes inapplicable 
when the given volume is less than a certain definite limit which 
may be easily assigned. For put the expression found above 
for the volume in terms of tan^j; it will l>e found that the 
expression becomes 

, J /tan* i^j tan i^, 3 ^ _ 

[ 120 *20~ 8 tan (fjj ' 

by differentiating with respect to 0, we find that this expression 
constantly diminishes as 0, increases from up to — ; the least 

value is when <^, = ~ ; the value is then 

7r&V3 



218. Let us now consider the term of the second order in 
the variation of u where u denotes the integral in Art. 216- 



PutifW tor ji-,. 



I is not fixed, we must 
^; in consequence of this 



We observe that since the limit . 
attribute to it a change or vaiiation d 
there occurs in Bu the term 

which we have not yet regarded. This term is of the first order 
in appearance; but »sy,<p [ji), and 4>'(p) all vanish when x = x^y/e 
may consider that it is not even of t!ie second order in value. 
There is a relation between %„ and (ZaT„ ; see Todbunter's Integral 
Cakulm, Art. 359 ; but it is here of no importance. 

The term of the second order in the integral is 
and by transforming this as in Art. 26 we obtain 



/:{*■ 
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I j" [</•" ip) [y i^pf - y" (^.v)1 + *^ (Sy)1 ^ ; 

for the term outside the integral sign involving {ByX vanishes. 
But from (1) 

hence, by differentiation, 



(!+/)'■ 



that is 2\ = y"^"{p); 

and eo the term of the second order in 8m becomes 

or we may put it in the form 

Now ^"(p) is positive as long ss, p' is less than 3; and thus 

we see that if i^, does not exceed ^ , the term of the second 

order in 8w ia essentially positive: if we take the second form 
we must remember that y" is positive, as the arc which we have 
to consider is convex to the axis of x. 

219. Thus if the given volume is not less than — r— -, we 
have obtained a solid of minimum resistauce. We must not say 



that we have obtained the solid of hast resistance, for by using a 
zigzag boundary we could make the resistance as small as we 
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please for any given volume. All that we can assert is that the 
resistance is less for the solid which we have obtained than it 
would be for any solid which could be obtained from this by 
infinitesimal variations of 1/ andj). 

220. If however we impose the condition that p shall have 
always the same sign we may take it as obvious that there must 
be some solid of least resistance; this solid then must be either 
that which we have obtained or must be furnished by some dis- 
continuous solution : it is certain that a discontinuous solution 
must exist in some cases, for we have not as yet even a minimum 
solution in the case in which the given volume is less than the 
limit which we have specified. 

221. We proceed then to seek for this discontinuous solu- 
tion. 




The only supposition which suggests itself is tliat the solution 
consists of a curve A C, and CB a portion of the ordinate at B. 
As p= <x does not present itself as a solution of the fundamental 
equation of Art. 216, we do not seem to be very naturally led 
to this supposition. We shall at present however verify that we 
do thus obtain a solution for some cases; and in a subsequent 
Article we shall remove the appai-cntly arbitrary character of the 
supposition, 

222, Let y, be the ordinate of 0. The resistance on AO is 
measured by 27r| |H^; and that on BG by w(6'-y.'). The 

volume is it 1 y'dx. Hence by the usual theory we require a 
niinimum of 
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Call this u ; then form Bu to the first order. 

By making the part under the integral sign vanish we ohtain 
aa before equation (1) for the curve AG. Outside the int^ral 
sign Tve have 



-2y.S; 



i + j'TJ/' ^' 



to make this vanish we must have p, = 1, so that the curve meets 
CB at an angle of 45°. 

The term of the second order which arises from the variation 
oi — y' is balanced by an equal term of contrary sign arising from 
the integral in «: see Art. 190. Thus we are left with a terra 
of the second order just double of that which we had at the end 
of Art. 218, and therefore essentially positive. Thus we have a 
minimum, provided satisfijctory values can be found for the con- 
stants which we shall now consider, 

223. To determine the constants we have 



iri^ \ sin'i^ sin 30 cos'i^d^ = the given volume. 

The latter becomes by effecting the integration 

■ = the given volume. 

Moreover we must have y^ not greater than h, that is j not greater 
than b. Hence the greatest admissible value of the volume is 
when c = 4S, and is therefore -~nfr~ • 

224. Thus the following results hold for the solid of least 
resistance on a given base and with a given volume, with the 
condition that j) is to be always of the same sign. 
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I. If the given volume is less than — ~- 
discontinuous solution. 

II. If the given volume is greater than —^ we must take 
the continuous solution. 

III. If the given volume lies between '^^-^ and i^' we 

must determine which of the two solutions gives the least resist- 
ance and take that solution. We shall presently shew that the 
discontinuous solution is that which gives the least resistance in 
this case. 

225. It ia easy to give expressions for the amount of the 
resistance. 

By Art. 216 this may be transformed to 

2x0" J cos 1^ sin' ^ (3 - 4 sin' ^} di}> ; 

integrating between the limits and <f>^ we obtain 

Sttc' f g sin' ^' ~ 10 ^^^^° "^'J • 

Then for the continuous solution we substitute for c from the 
equation 

h = c sin" <^| cos 0, ; 

thus the resistance 

■^h' /3 . , . 4 . t.\ 
cos 0, \4 '^' 5 ^V 
and <^, ia to be found from the equation 

Tr6'y(^,) = the given volume, 
where /(^J is put for 






, Google 



204 SOLID OF MINIMUM RESISTANCE 

that is, for 

For the discontinuous Bolutiou we put ^, = t . ^ii'i to obtain 
the whole resistance we add tt (5' — y,') ; thus the whole resistance 

■"320"'''^V 16^" 320 ' 

where c is to be found from the equation 

l"Q9n ~ given volume. 

226. Let us take for an example the case in which the given 

, . 7rtV3 

volume IS - — ^^-— . 

In this case in the continuous solution we put 1}), = ^; and we 

' 20 ■ 

In the discontinuous solution we put 

ISirc' _ 7r&V3 

1920" 5 ' 

48 
this gives c'= 5' x =-n \/52 ; 

and thus the resistance is 

rf(l-|jV52); 

we find this to be approximately irb' x ■44012. 

Therefore the resistance is less for the discontinuous solution 
than for the continuous solution. 

When the given volume is - ^ &' the so-called discontinuous 
solution coincides with the continuous : we have 4>, = t , and t^^ 
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227. We shall now shew that both for the continuous and the 
discontinuous solution the resistance decreases as the given vo'ume 
increases; and that when both solutions are applicable the resist- 
ance is less for the discontinuous solution than for ibe other. 

Let V denote the volume ; let B denote the i-esistance for the 
continuous solution and 8 for the discontinuous solution corre- 
sponding to the same volume V. 



,.;.'j|a-oos>.)-^(I-cos>.)j 



1 ,17 
"20"'"26''' 



hence we obtain 



-TT^ (16 cos' (6,-1). 



dip, 1OCUH°0|^ 

Also V=TTb^\^^^ta.a''<l}^ + -^ta.nip^+ ^ cot^J; 



hence we obtain 
dV 



cf0, 40 sin' 0, cos' 0, 
dR 4 . ,_, 



= -'by Art. 217, 

where 7 is used instead of c for the parameter of the hypocjcloid : 
we shall reserve c for the parameter of the hjpocycloid in the 
discontinuous solution. 

And «-'■-!?; 
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V= 



" 1920 ' 



1920 ■ 



Also 
therefore 
Thus 
These results shew that both R and S diminish as F increases. 



dc 

d8_ 
dV 




Let BA represent the generating curve for the continuous 
solution, and BE for the discontinuous solution corresponding to 
the same volume. These curves then are similar; but it is 
obvious that DE is on the larger scale. Thus c is greater than y, 
and so 7 is less than c. 

Therefore -ry is numerically less than -r^. Now we know 



that when V= 



have 8 less than E; and when 



30 



we have S=Ii. It foilows that for all intermediate 



values of Fwe must have 5 less than M. For if E could be equal 
to 8 for any intermediate value of V, then as V increased S would 
decrease more rapidly than S; and thus It could not be equal 

to 8 when V became equal to ~^ - ■ . 

228. It will be seen that we obtained in the preceding 
dB 
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may appear strange : but the reason for it can be easily assigned. 
Suppose in the preceding diagram we were to draw just above DE 
the hypocycloid for the discontinuous solution corresponding to a 
T increased volume : let it be FG-. 




Let 8 denote the resistance on ED and the corresponding part 
of CD produced ; and let V denote the volume. Then the prin- 
ciple on which the problem in the Calculus of Variations is solved 
is that of making S(if+4\"r) = 0: seeArt.222. Thus S5=-4xSF. 
This is true for all variations, and therefore for the variation by 
i from DE to FG. This result expressed in other 

dV 

1 account for the result which is expressed by 



which we 
notation 
Similarly 



[e suppose tan 0, = 5 . Then, 
113 



dR 

dV~ 7' 

229. As another numerical 
fi4'i} liaving the meaning of Art. 225, we find that /(^,) = 

T J * ■ 1 13c' U3,, ^, ^ /6xll3V, 

lo determme c we nave rqo({~Wf\^ > ^° ^"^^ '^~ { — i"^^) *' 

It will be found that for the continuous solution the resistance i 

——— = 7r6'x -44134 ; 



andfi 



■ the discontinuous solution the resistance is 
.,, (, _ (36 x13 k 113x113)1) _ ,, „ .,,, 
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230. Let us dow briefly consider the other case -wliich pre- 
sented itself in Art. 216, namely, that in which we suppose i^= ^ 
when w = 0. 



If we measure s from this point we have 



As before we shall have 

h — c sin^ 0, cos <^,. 

And ^j must lie between ^ and g- in order that p may he of 
invariable sign which we have assumed as a condition, 
Aa before we have 

irb^ I sin' <f> sin 3i^ cos' ij> dtfi 



= the given volume. 



To effect the integration conveniently in this ease we put the 
integral in the form 



J cos' ^ (1 - cos* 4>) (4 cos ^ — 1) s 
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hence taking the integral between the limits we get- 

Tri'cos^, (1 8 ■ 13 , , 15 , 7 1) 

-^S^^ Is '^o^ ■^^ - 10 cos>. + - cosV, - ^ cosV, + j} 

= the given volume. 

It is obvioua that the value of the expression on the left-hand 
side can be made as small as we please by taking ^, near enough 
to ^ ; but the value of the expression cannot be made as great as 
we please, ^, being restricted to lie between ^ and ^. In fact, 
denoting the expression by Trb'F{tf)^), we shall find that 

"^'•'^^ " ~ m °^^° * - 20 ■'***' * " ^ '^*^° * ~ J ^^^"^ "^ + i '^°'= *■ 
and that ^^ =.?^^*^\cotV + 5 eot> + 10 cot^ .^ + 10) ; 
so that F(ip) decreases continually as ^ increases from ^ to - . 
Thus the greatest admissible volume corresponds to ^, = -, and 

i, - ^i" X 217 
1215 V3 ■ 

231. Since in this case p is infinite when y = 0, our investi- 
gation of the variation of the integral to be considered ia not 
satisfactory, and it will be better to take y as the independent 
variable. The investigation will be given presently and will lead 
to the conclusion that we have now a Tnaximmn. But of course 
this result must be understood with due restriction. We must 
not suppose that we have thus a solid of greatest resistance ; for 
the greatest resistance is obviously when the solid is a cylinder, 
or, which amounts to the same thing, when the solid has the step- 
shaped- boundary indicated in Art. 205. The statement merely 
means that the resistance is a maximum with respect to any 
admissible variation. A greater resistance can be obtained imme- 
diately by replacing the boundary by a figure like that in 

14 
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Arb. 205 ; this is however not an admissible variation, because 
althougb the value of By might be made everywhere infinitesimal, 
yet that of Bp eould not. 

232. Let us now give the formula for solving the problem 
when y is taken for the independent variable. Let ■m stand 

_ dsB ^_^ ^ ^ , 

Hot*' 



Then the resistance = Stt | ^ — — 
Jo 1 + ffl 



vj fisrdy. 



and the volume = tt I 

Thus we seek for a maximum or minimum of 

where X is a constant. 

The complete variation to the second order, supposing the 
upper limit changed from y, to ?/, + dy^ is 

The first term is made to vanish in the usual way by putting 



equal to a constant, which constant must be zero. This of course 
leads to the same results aa in Art. 216. The case which we 
proceeded to discuss in Art. 217 is best treated as it was there 
by taking x as the independent variable. The present investi- 
gation will be suitable instead of that which began in Art. 230, 
as it avoids the infinite quantity which there occurred. 

We see, however, that if we do not suppose <%, = 0, we do 
not make the term of the first order in the variation vanish; 
but if we take dy, = the term of the first order does vanish, 
and the variation reduces to 
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which is negative, because w* is leas than ^ throughout the 
integration. Hence we have a maximum for admissible variations. 

233. There is a peculiarity in the investigation of the pre- 
ceding Article which requires notice ; a particular variation is 
inadmissible which might appear at iirst sight to be admissilile. 

Let BA be a curve; let BB be parallel to the axis of x, 
and suppose it indefinitely small : let BE be another curve. 




Then we could pass from such a curve as BA to such a 
boundary as BB and DE by means of infinitesimal changes Bx 
and Sot ; though we could not by infinitesimal changes in y and 
p : but nevertheless the variation is not one that our investigation 

of Art. 232 will allow. For we take tt I j/^to- dy to denote 

the volume generated by the revolution of BA round the axis 

of X ; and then we should be taking ir j y^iyy + 5w) dg for the 

volume generated by the revolution of BD and BE: but it is 
obvious that the last expression really represents the volume 
generated by the revolution of BE, and so our expression would 
omit altogether the volume generated by the revolution of BB. 

In order to allow for such a change of figure we ought to 

use for the general expression of the volume not irlifvTdy, 

14--2 
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but Stt I {a — x)y dy. Then we proceed to find a maximum or a 

minimum of I {— — ^ + Xay— Xa:?/] dy, where \ la a constant. 

This leads in the usual way to , 

, d_ ya _ _ 

r ,j-v — r^ = a constant, 
and the constant must be zero. 



therefore 






But 1 



■ we have an integrated term, namely 



(H 



This vanishes at the lower limit, for which y = ; but does not 
vanish at the upper limit. For such a variation as the diagram 
represents we have Bx negative at B, and thus we have a positive 
term in the variation of the integi'al. Hence when we say that 
we have a maximum in Art. 232, we must remember that such 
a variation as that illustrated in the present Article is excluded : 
such a variation in fact would increase tlie supposed maximum. 



234. In Art. 221 we proposed to return again to the dis- 
continuous solution in order to remove the arbitrary appearance 
which seemed to belong to it. 

Let BC and CA be the two components of the discontinuous 
solution. 




When we take x for the independent variable as in Art. 216 
is solution is not very clearly suggested ; the relation p = "^ , 
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which belongs to the rectilinear part BG does not satisfy the 
fundamental equation unless we also make X. = 0, and this will 
not suit the curve part GA. 

Although the discontinuous solution does not appear to be 
suggested by the fundamental equation, yet we may be naturally 
led to investigate it by the consideration that the given base con- 
stitutes a boundary which is not to be transgressed by our gene- 
rating curve. We haye already had examples of this character. 
Sometimes the boundary is augg^ted by the fundamental equation) 
and sometimes not : see Articles 68, 100, and 111. 

But, by making x the independent variable, and ascribing 
variations to y only, we have in fact put it out of our power 
to recognise the discontinuous solution. Let the dotted curve 
represent a curve lying close to the discontinuous solution ; then 
we cannot pass from one to the other by infinitesimal changes in y, 
and so the method we adopt is really unsuitable to the full dis- 
cussion of the problem. Accordingly to bring the discontinuous 
solution into notice, while retaining x as the independent variable 
in the investigation, we have to modify our expression for the 
resistance ; see Art. 222. 

Now turn to the solution of Art. 232, in which y is made 
the independent variable. 

Suppose, as there, that for the curve part we have 
„ , 2ysy 

then the term of the first order in the variation vanishes so 
far as the part GA is concerned ; and for the part GB it reduces to 



ip dy\- 



= 0, to 

~ 4 I Xy^x dy. 



As tx is necessarily negative, this is essentially positive, and 
BO corresponds to a minimum. Hence we have simply another 
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illustration and confirmation of the general theory laid down in 
Art. 17. 

235. Suppose we add another condition to the problem 
stated in Art. 215 and restricted as in Art. 220 : let the height 
be given, that is, the distance of the vertex from the base. 

If the height of the continuous or discontinuous solution 
already found ia leas than the given height, the solution already 
found must still fee adopted ; and to produce the required height 




a portion of the axis of x must be used. Thus in the diagram, 
if OG is the given height, we must add the straight line OA to 
the curve part AB. It will be seen that y = is a solution of the 
fundamental equation (1) of Art. 216. 

If the given height be less than that of the continuous or 
discontinuous solution already obtained, we may still use a portion 
of the axis of X to fulfil th3 prescribed conditions in the manner 
of Art. 134, when the cone points inwards. Or if we uuderstaud 
the condition in another way, we must take as part of the 
boundary a straight line at right angles to the axis of a; and 
proceed in the manner of Art. 190. 

236, We may here notice the more general problem in wliicli 

it is required to make j yj) (p) dx a maximum or minimum while 

i->jr(y)dx is constant, supposing tbat i^ (^) vanishes with y, that 

the value of x at the upper limit of integration is fixed, and that 
y is to vanish at the lower limit of integration. 
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We have to find a maximuin or minimum of 



where X is a constant. Denote this by u ; change a, into a;„ + dx^, 
and vary if and p : then 

This is exact; now approximate to the second order: then 
the first of these integrals becomes in the usual way 

rf (p) Sy+Jj* (ri +>''('' W -^ WW] jsy'fe 

+ |/^+"(j') (Sy)" + 2f (y) %Sp + #"(y) (%.)'!<&, 
all to be taken between tbe limits x^ and o. 
The second integral becomes 

-WW + '-V'Wl.'fe. 

- 1* W 8y + #■ (?) 8? + ^■f' W %I. "fco 
- 1 w (p) + »/'/'' (?) + ''l't'(j')). (*'.)'. 

for we know that to the second order 

l"*" X (i«) *« = (X (^) i'' + \x {") (*»)"!.• 

Hosted b,Goo(^Ie 
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To make the term under the integral sign of the first order 
vanish, we require in the usual way 

and this leads to 

^i' (p) + ^'^ (y) "= yP'P' (p) + constant ; 

this constant must be zero, since zero is to be a value of ^ and 
fjr (y) vanishes with ^. 

The terms of the first order outside the integral sign obviously 
vanish, except y^' [p) Zy at the upper limit : this term vanishes 
if J is constant at tLo upper limit, but if y is not constant there 
we must have ^' {p) zero at the upper limit. 

Thus we are left with the following expression for the varia- 
tion of M, which is of the second order : 

\ Jl i^t" iy) i^yf + 20' (p) 5^ ^ + #" {p) m\ dx 

- {4' (p) % + yf ip) Sp + W iy) ^yl «^o 

- 2 ip^ ^f> +yy"4''ip) + '^pf iy'iU (<^^oT- 

Now the following relation, true 1o the second order, exists 
between the differential and the variations 

^y, = - |i"^^ + 2 ^ '^'^*^' +Spdxy 

See Todhunter's History of the Cahulus of Vanattonfi, page 330, 
observing that the ■<fr [x) there is now simply x. But we only 
require now therelation Sy^ = — (pdx)^ which is true to the first 
order. Thus observing that y^ = 0, we find that the part of the 
term of the second order in the variation which is outside the 
integral sign 1 



|ww+'s>f(j)l.{<i«.)'. 

Hosted b,Goo(^Ie 



WITH GIVEN VOLUME, 217 

The part of tte term of the second order in Su which is under 
the integral sign may be transformed, as in Art 26, to 

^[f(p)(Wi-|{0'(^)%r)o 

This may be modified in form by the aid of the following 
relation, 

'^i^' (y) - - ^ (2/) = n"^" (p) ; 

this follows by differentiating the equation 

237. As an example of the preceding general investigation, 
take if>(.p)=p' and '^{y)=if] so that lyp^dx is to be a mini- 
mum, while ly^dx has a constant value. And let ua suppose the 
value of y given at the upper limit. We have 

3/0 (p) + X^ (y) = y;>0' (jp) + constant (1); 

that is, since the constant must be zero, yp' + Xy" = 2yp^ ; 
therefore p' = '>^y^ (2). 

For X put 7' ; thus from (2) we get 

^ = A . 
dy yy' 

therefore y = B&^ where 5 is a constant. 

The constants B and 7 will have to be found from the known 

value of J at the upper limit, and the known value of jy'dx. 

In this example, supposing 7 to be positive, we have y zero 
when a; = — so ; so that ir„ = — =0 . 
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The Conditiona for a minimum may be considered to be 
satisfied ; as we see by taking the term of the second order in &* 
in the last form of the preceding Article. 

But we do not thus get the least value of jyp^dx; for as ia 

Art. 219 we can get as small a value as we please of this integral 
by a zigzag boundary : this boundary is suggested by the fact 
that the fundamental equation (1) is satisfied by a constant 
value of y. 

Suppose that we impose another condition in the manner of 
Art. 235 ; let it be given that the curve is not to extend on the 
negative side of the axis of j. Then we must seek for a solution 
by combining a portion of the axis of y with the curve given 
by (2). Thus we obtain a figure composed of pieces hke the OA 
and AP of the diagram of Art. 201. The solution must be taken 
as in former examples to be a limit towards which we approach by 
drawing curves close to the discontinuous boundary. The curves 

must of course be supposed so taken as to make ly^dx finite in 

the neighbourhood of the origin; for example, this will be secured 
if near the origin y varies as V^- 

238. The problem of Art 236 may also be treated by taking 



transform into fiyi) dy \ then we have to find the maximum or 
minimum of 

This leads in the usual way to 

j^'W + x,(.W-o (i)i 

and if y^ ia susceptible of an increment we must also have 

{j(/^W+X+W«'}_ = (2)- 
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Then we have left a variation of the second order consisting of 

l/V"W(8")*<fc. 
together with the part of the second order in 

j^ ja/Ccr + 8<7) + \t {^) (^ + 8c7)J dff ; 
the latter part is 

+ 1 {/M + !>/■ H ^ + i-t-' W « + ^f (j) ^|_».)'. 

which by means of (1) reduces to 

This may be modified in form by the aid of (2). 
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CHAPTER XI. 



JAMES Bernoulli's pkoblem. 



239. A aiid B are fixed points ; a curve of ^ven length 
! to be drawn from A to B, liaving the following property: 




at any point 8 of the curve draw SN perpendicular to the fixed 
straight line OF, and take the oixiinate NP equal to the are 
AS; then the curve traced out by P ia to enclose a luaximui'i 
or minimum, area. 

The problem is a particular case of one which was §;iven hy 
James Bernoulli: see Todhunter'e History of the Calculus of 
Vartatiom, page 453. 
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240. It will be apparent on a little reflection that tliere 
muat be both a greatest and a least value of the area bounded 
by OPQ. The fixed straight line OF will be taken for the 
axis of X, and the axis of y will be taken to pass through A. 
We may remark that by the nature of the curve OPQ, the 
tangent at any point P cannot be inclined to the axis of x at 
an angle less than 45". 



We assume that the curve ASB is to be comprised between 
the ordinates at A and B. 

Let OA = h, 0F= a, FB = k. 

Let X and y be the co-ordinates of 8, and let s denote the 
length of the arc AS: then 

and we require that I sdx shall be a maximum or minimum, 
while I J{\-\-p^)dx is constant. 

■ Let M = I [s 4- X \/(l + f)] dx whore \ is a constant. Change 
J> to ;> + 8p ; then to the second order 



Sm- 



AIso Ss : 

And |5s(ic = icSs— jiE ,— 



p ySyifa 1 f' Wife 



dx, : 



that 
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Ttaa, fciaUy, 

From the value of Su wo see that our problem coincides 
with the following: find a curve of given length between the 

fixed points A and B for which I (a~x) ds is a maximum or 

a minimum. Hence, we require in effect a curve of given length 
which shall have its centre of gravity at a maximum or minimum 
distance from the straight line a: = a. The curve is well known 
to be a catenary. 

The term in Su which is of the first order must now be 
transformed in the usual way : we have 



/(X 



+»-»):77rr^*" 



V(l + f") V(l+p') 1 'dx v(i+/) 



When this 13 taken between limits the part outside the in- 
tegral sign vanishes ; to maiie the other part vanish we must 
put 

■jii+p')'' " " °°"'"''' "^y Wi 

therefore 1 Q^ + a-xf-^ 

p- e- '■ ' 

Thus Bu reduces to the term of the second order 
. (\ + a-x ){Spr 



1 f » + 
2J. ( 



lYTp-) — '^- 

241. The curve determined by (2) is a catenary having its 
directrix parallel to the axis of y ; and c is nwmericaUy equal 
to the parameter, which, in the language of Statics, measures the 
tension at the lowest point. 

By putting x = a in (2) we see that \ is wu/mencally equal 
to the perpendicular distance of B from the directrix of the 
catenary. But we shall have to pay careful attention to the 
signs of c and X. 
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From (1) we have 



therefore 1 = . ,n , ~^ T (8); 

thus c 18 of the same sign as t*^ , bo that c is positive or negative 

according as the required curve is convex or concave to the 
axis of X. 

242. We will now assume than h is less than h ; from our 
discussion of this case it will be easy to see how to proceed 
viihen Ti is not less than it. 

If then the curve A8B is concave to the axis of x, we have 
e negative ; and then X + a — a; is negative by (1) ; thus \ is 
negative. And since X + a — a: is negative, Zu is a negative 
quantity of the second order, and we have a maximum. 

If the curve ABB is convex to the axis of a; we have c 
positive ; and then \-\-a — x is positive by (1), and so X is 
positive. And since X + a — a; is positive, Sm is a positive 
quantity of the second order, and we have a minimum, 

243. Now let us consider how fai' these solutions are really 
admissible. Take for instance the maximum. Begin with a 
given length very little greater than the straight line which would 
join A Xo B; it is obvious from statical considerations that 
the required catenary exists. Suppose the given length gradually 
increased ; then it is obvious in the same way that the required 
catenary always exists until we arrive at the case in which the 
catenary touches OA at ^. If the given length be still further 
increased, the catenary would cut the axis of y above A, and the 
solution is no longer tenable. 

244. Now, as by supposition we are confined by the axis 
of y, we are, as in former problems, ted to enquire whether the 
solution will not be composed in some cases of part of the axis 
of y. together with a curve ; see Arts. 221 and 234. 
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Suppose then, if possible, that the required line consists of 
a straight line of the length y^~h measured from A along the 
positive direction of the axis of y, and a curve proceeding from 
the point in the axis of y which has y^ for ordinate to B. 

•Thus we now ask for a maximum of 

I (yo ~ ^ + *) ^^' 
Jo 

where s = I ^(1 -Vp^jdx; 

and the given length must be equal to 

Therefore we have now to find a maximum of 

f " (yo - * + s + ^ -/(I + P')] dx+X (y^ - k), 
that is, of 

J" [a + X V(l + /) j (fo; + (\ + a) (y„ - A). 

The only difference between the present form of the problem 
and that of Art. 240 arises from the presence now of terms in the 
variation outside the integral sign. We have (X + a) By^ from 
(\ 4- a) (ya — A) ; and from the integral itself we obtain — cBi/^ ■ 
thus, on the whole, we have (\ + a — c) By^. 

Hence, aa this must vanish, the following relation must hold, 
X + a-c = (4). 

Now, the curve being supposed concave to the axis of x, we 
know that X is negative, and X + a is numerically equal to the 
distance of A from the directrix of the catenary : hence it follows 
from (4) that the catenary must touch the axis of y at the point 
corresponding to y^. 

Thus the conditions required for a maximum are all satisfied 
in this solution. 
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This solution holds only so long as y„ is not greater than k, 
the limiting case being tliat in which y^ — k, and the catenary 
degenerates into a straight line : the given length is then equal 
to k — k + a. 

245. It should be remarked that the solution of the preceding 
Article is suggested by the general equation (1) of Ait. 240. For 
if we suppose a; = so that p is iniinite and put \ + a = c, that 
equation is satisfied. And the relation A. + a = c holds, as we have 
seen, for the curve part of the solution pJso. 

Thus the discontinuous solution arises in fact from combining 
two solutions which are both involved in the ordinary gener^ 
result of the Calculus of Variations. 

In Art. 234 we had to account for the fact that the discon- 
tinuous solution did not appear to be very obviously contained in 
the general result ; whereas in the present problem the discon- 
tinuous solution is so contained. The difference perhaps depends 
on the fact that here, as we see in Art. 240, we do not imperatively 
require that Bt/ should be infinitesimal in our investigations, for 
y does not explicitly occur under the integral sign : we merely 
change p into p + Sp, and our process requires that Bp should be 
indefinitely small in comparison with p, so as to allow us to 
expand Vl -|- (p + Spy suitably. 

246. We may observe that for a given length of string there 
is only one solution which furnishes a maximum ; namely, either 
the continuous solution of Art. 242, or the discontinuous solution 
of Art. 244, according as the given length is less or greater than a 
certain value. This will be sufficiently obvious from statical 
considerations. Suppose .a fixed point .4 on a smooth horizontal 
table, and a fixed point B above it ; let a heavy uniform string 
have its ends fastened at A and B; and suppose the length of 
this string to be not leas than that of the straight line which joins 
■d to B, and not greater than the Ic — h + a oi Art. 244. Then we 
•nay admit that this string will be in equilibrium in one position 
and only in one ; if the length is below a certain value no part of 
the string will be in contact with the table, and if the length is 

15 
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above this valuCj psirt of the string will be in contact with the 
table. If I denote the length of the string when the string 
touches the table at A, we find from the nature of the catenary 
that 

where 7 is put for k — h. 

Of course these statements may be demonstrated by analysis 
without having recourse to statical considerations. When the 
length of a string and the positions of its extreme points are 
given, we can form equations for determining a catenary with its 
base horizontal fulfilling 'the given conditions : we find that there 
is only one value of the parameter c, and the greater the given 
length is the less is this pai-ameter. 

For let I denote the given length of a string; let h denote 
the horizontal distance of the fixed points ; and let b denote the 
difference of the distances of the fixed points from a given hori- 
zontal line. Then it is shewn in works on Statics that the para- 
meter c of the required catenary is determined by the equation 
h ft 

r-J' = c*{e» + e"o~2). 

Expand the right-hand member in powers of c ; thus we ob- 
tain 

The expression on the right-hand side decreases eontinualSy 
as c increases ; and thus we see that the equation will give only 
one value of c* corresponding to an assigned value of I, and the 
greater I is the smaller 0' is. 

Hence two catenaries with parallel bases cannot intersect iu 
more than two points; for if they could each would have a less 
parameter than the other, which is absurd. Hence as the given 
length is gradually increased from the least admissible value, a 
series of catenaries is obtained each lying entirely outside the 
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preceding, until we arrive at tiie lengtii denoted by I in the 
former part of thia Article. 

Then after passing this length we can obtain another eeriee of 
lines each consisting of a straight line and a catenary. Now 
consider two members of this series. If the catenary corre- 
sponding to that which has the longer straight line be continued 
upwards from its lowest point, it will obviously cut the other 
catenary ; and as the two catenaries have also the fixed point in 
common they cannot cut in any third point. Hence of the two 
members of the series that which has the longer straight line is 
the longer; for it is outside the other except where the two 
coincide. Henco it follows that corresponding to a given length 
there is only one member of the series. Thus as there is only 
one solution for a given length of string which furnishes a jntm- 
mum, and as we are sure there must be a greatest value, we may 
infer that the maximum value is the greatest value. 

247. Let us now return to that point of the investigation 
which was reached at the end of Art. 244 ; and suppose that the 
given length is greater than k — h + a. 

We shall find that there is now a maximum when we take a 
straight line of length y^~k along the axis of y from A, and a 
catenary convex to the axis of x touching the axis of y at the point 
corresponding to y^, and passing through B. 

The investigation is similar to that of Art, 244 ; now we have 
c positive by equation (3), and as ji is negative we see that 
X. + o~a; is negative by equation (1). As in Art. 244 we arrive 
at the condition \ + «- c = 0, which makes the catenary touch the 
asis of ^ at the point corresponding to y^. But although we thus 
obtain a maximum, we do not obtain the greatest value of the 
area ; for there in another solution which is now admissible. 

248. We see in fact that p = ^isa solution of (I) provided 
of course that e = 0; and we will now interpret this in combination 
with p = 00 , which is also a solution of (1) supposing that 
*■ + a — a = since c = 0. 

15—2 
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Draw BO parallel to the axis of x ; take a point D on the 
axis of y such that AD + DC+ OB = the given length ; then we 
may suppose that our required curve is made up of AD, DO and 
CB. Corresponding to the curve OPQ of Art. 239 we have now 
the straight line -fiP§ where OH^^AD + DO. 




This solution might be treated in the manner of Art, 244. 
We now ask for a maximum of 






where 

and the given length must he equal to 

^0 - A + yo" ^ + r -/(l +/) dx. 

Hence proceeding as before we arrive at the equation 

(\ + a-x)p 

~—rn~. — sT^ = ^ constant c, 
V(l +p'} 

and we have as the term in the variation outside the integral 
sign 

[2{a + X)^c}S!/,. 
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Hence we obtain a soiution by the suppositions 
^ = 0, = 0, a + \ = 0. 

249. With regard to this solution I remark 

I. It is certain that we obtain the greatest possible area in 
this way. For the ordinate of Q the extreme point of the derived 
line is of course equal to the whole given length ; and the derived 
line becomes in this case a straight line inclined at an angle 
of 45° to the axis, and so the ordinates of this derived curve 
starting from Q diminish more slowly than for any other possible 
form of the primary curve : see Art. 240. 

II. Tliis solution, like the solutions for the cases 
considered, is fairly deduced by the Calculus of Variations. 

III. Should any person object that the solution does not 
strictly apply to the problem, for we were required to draw a 
curve from A to B, the answer must be similar to remarks already 
made. The proposed solution must be regarded as a limit We 
may conceive a curve drawn from j1 to .S, first running upwards 
close to the axis of y, then turning shai^ply and descending close 
to the ascending part until it arrives at about the level of B, then 
turning off towards J5 in a direction nearly parallel to the axis 
of X. Such a curve will give us for the area of the derived curve 
a result falling only infinitesimally short of what we have shewn 
to be the greatest possible value. 

250. We win now briefly state the result with respect to a 



If the given length be very little greater than the straight 
line which would join A to jB, we are certain that a catenary can 
be drawn from A io B convex to the axis of x. This will give a 
minimum. The solution will hold up to the limiting case in 
which the catenary touches the ordinate of B at B. 

If the given length be greater than that which corresponds to 
this limiting case the required line is made up of a portion ^ — y^ 
of the ordinate at B measured from B towards the axis of x, and a 
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catenary whicli touches the ordinate of B at the point correspond- 
ing to y,. This will give a miuimuin. The solution will hold as 
long as y^ is greater than A. 

In the cases hitherto considered there is only one solution for 
a given length ; and the solution is not only a minimum, but 
corresponds to the least area of the derived curve. 

If the given length is greater than k-k + a we have a choice 
of two solutions. One consists of a portion fc— y, of the ordinate 
of B and a catenary concave to the axis of x, and touching the 
ordinate of B at the point corresponding to y^ which is less than h. 
This solution giv^ a minimmn. The other solution consists of the 
straight line y = h together with such portions of the ordinate 
at B as may be required in addition to produce the given length. 
This solution corresponds to the least area of the derived curve, as 
Tve see by considerations Hke those already employed, 

251. It is easy to give other examples like that of Art. 248. 
Return to the diagram of Art. 239, and suppose we require not 
that the area OPQi*" shall be a maximum or a minimum, but that 
the volume generated by the revolution of this area round Ox shall 
be a maximum or a minimum. 

Retaining the same notation as before, since the volume will 

Is'dx, we have to find a maximum or minimum of 



be TT Is* 



i:{ 



s' + 2X^{l+p')\dx. 



Denote this by u ; then to the second order 

And jsBs dx = vBs — jv-j-dx, 

where v stands for I sdx ; ao that 

1, i. V(l+P') 2(l + p")«J 
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where F= I srfac, Hence 

Hence we obtain- in the usual way 

■i--^^^j~j-^ = a constant = c say (5), 

and then fi« reduces to i (X + F— t;) "^ dx+i (Bsfdx. 
Jo (1 4.yj3 Jo 

From (5) we have 

ds 

X+ F- 11=^-5^^^^-!^= "^ 

differentiate with respect to x; thus 



Multiply by -j- and integrate ; thus 



2 77S?7 n+conaiant (,o;. 

IV^J " ^[ 

The equations (5) and (6) are not simple enough to furnish 
U8 with the relation between x and y; but for our purpose the 
most interesting point is that if the given length he large enough, 
we can solve (5) by the combination of _p = with ^ = oo in the 
manner of Art. 248. 

We first take x = which gives j> = and ^ = 00; also we 
make \+V=0 so that c = 0; then we take ^ = 0. Thus 
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Su becomes 



JAMES Bernoulli's problem. 

which is necessarily negative ; for 



1 (i+/)i 



I (Ssydx vanishes since p = 0: so that we have a maximum. 

And by the reasoning of Art. 249 we are sure that this is not 
only a maidmum, but that it is the greatest possible result. 

252. Let us propose a problem in polar co-ordinatea like that 
of Art. 239. An arc ASB of given length is to join the fixed 
points A and B; on OS take OP equal to the square root of AS: 
required the curve ASB so that the polar area generated by OP 
may be a maximum or a minimum. 




The area generated by 0P= z, \ ( OP}' d0, and therefore it varies 
as fsdfl where ^-9 = 5. Let m= Ms + XV['''+i'')W^' '"here X is 
a constant, OS=r, and p stands for -jy,; also s= I '/(r*+p^) d 



Proceed as in Arts, 
the first order 



and 251 ; thus we shall find that to 

(\ + a~0)(rBr + i}S p)de 
'J{r' + p') 
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This must be made to vanish in the ordinary way by the 
relation 



iX4 



Then the term in Sw of the second order ii 



thus X + a~0 must be always negative for a maximum and always 
positive for a minimum. 

Although we cannot deduce from (7) the explicit relation 
between r and 9, yet we shall see that if the given length be large 
enough we must have discontinuity of the kind exemplified in 
Arts. 244, 247 or 248. 



Equation (7) when developed bi 
mce we can infer that r dot 



-ihC''' 



^m} 



,.(8); 



i not admit of a maximum or a 

dr 
minimum at any point between A and B. For if j^ conld change 

sign r" + 2 (-^ -"^M' ™"^*' change sign at the same point ; that 
is, there would be a change as to concavity and convexity at the 
point where r is a maximum or minimum: and this is impossible. 

Hence we conclude that equation (7) will not supply curves 
of unlimited length between A and B ; so that when the given 
length is large enough we must seek for a discontinuous solution. 

If we proceed as in Ait. 244 we shall have outside the integral 
sign in S« the term 



JX + a- 



that is 



(\ + a)|l 



VC-'+y'); 
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To make this vaDisb we must either have X+a = or 
Pa .infinite. 

If we take p^, infinite we have a curve touching the initial 
radius OA at the point where the curve leaves the radius; and 
thus the solution resembles those in Arts. Sli and 247. 

If we take \ + a = 0- we eee from (8) that p^ = ; in this case 
our solution resembles that of Art. 248. If we start afi in 
Art 248 we have for the termin Bu outside the integral sign 

and to make this. vanish. we must have X+a = 0. 

253. We might approximate- to the solution of equation (8) 
in particular cases. For example if we take X + a = 0, then we 
shall find.tbat for small values of we have approximately 

vhereJ is tire v»lue-ofr corresponding to^ = 0, 

254. The term of the second order in Su of Art. 252 will 
vanish if phr — rSp- is always zero; and thus it might seem as if 
we should not be sure of having obtained a maximum or a 
minimum. But this- relation leads to hr=Cr where f? is a 
constant ; and it will be found that this is inconsistent with our 
condition that the length of the curve is given. 

255. Let p stand for -^ and j for -j- : required a maximum 
or minimum of 









j'j' Silxdy, 


while 




/:/: 


</{l+p' + f)dkds 


is constant, 


and 










^-/: 


f'V(l+i)" + !") <*>«%• 



, Google 



JAMES BERNOULU'S PBOBLEU. S35 

Thia is an obvious extension of the problem of Art 239 to 

space of tbree dimensions. 

By the usual theory we must seek for a maximum or miui- 
mum of 

■where X is a constant. Denote this by u, then to the first 
order 






\iSdy.yi8-l,'^ir. 



therefore I -j \hSdy\dm = xyZS—y\x--j— dor 

"dxdy 



f dBS , , [f d'SS , , 
'^jy-^d^+jj^y^^dxdr. 



n SSdxdy = ahj''j mdxdy 

- bj I a;ci)dxdy~a\ I y(adxd^+i 1 xymdxd^ 

fa rb 
= 1 {a-x){h-y)adxdy, 
Jo Jo 



where u stands for - 



^-g^ 



Thus finally 

From the value of Sw we see that out problem coincides 
with the following: find a surface of given area within assigned 
limits such that the sum of the product of every elemeot into 
{x — a) (if — i) shall be a maximum or a minimum. 
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We will suppose that the surface is to pa^s through two 
given points ; one on the axis of s, and the other on the straight 
line x = a and y=-h'- we will call the former point A and the 
latter point B. 

We transform Zu by the usual method ; and thus we find 
that for a maximum or a minimum we must have 



~dx V(i4;)' + g^ ^ dy V(l+P° + g') ^ "-w- 

There are also certain terms of the first order in Sw which 
are outside the signs of doiible integration ; to make these vanish, 
we shall require 3=0 when y = Oand when y = b for all values 
of X, and p = when a: = and when x = a for all values 
of I/. 

The term of the second order in Bu will he found to be 

2 Jo Jo {l-^p+qT 

I do not propose to make use of the equation (9) in order 
to obtain a general solution, but only to shew that a certain 
discontinuous solution is admissible. Suppose the given area to 
be only infinitesimally greater than ah ; then we may avail our- 
selves of the solution corresponding to p = and q = 0. That 
is, we may take a plane parallel to the plane of (x, y), and 
make it pass through one of the fixed points, say B. Then this 
plane must be supposed to be connected with the fixed point A 
by a portion of the axis of z, or by a part of a very slender 
conical surface close to the axis of z. If the given area exceeds 
ah by a finite quantity, we can suppose that the surface rises 
from the fixed point A close to the axis of z to a sufficiently 
great height, and then descends again to the plane which passes 
through B, and is parallel to the plane of {x, y). 

Thus, at any point of this plane we may suppose that 
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where S, is such that 8^ + ab is eqiial to the given area ; and 
the amount S, of area must be supposed to be placed close round 
the axis of a. 

256. Let us now pay some attention to the more general 
problem given by James Bernoulli, of which that in Art. 239 
is a particular case, and that in Art. 251 another. 

Suppose then that the ordinate PN of the derived curve 
is to be a given function of the arc AS; say that 

We then proceed to seek for a maximum or minimum of 
j {<f>(s) + X'J(l+p'}]dx; 
call it m; then to the second order 

Now put ^ (x) for I tfi (s) dx : then 

j^'{3) Bsdx = yjr{x)Ss—jylr{x) -,- da:, 
BO that 

/>-(,)w.=/;,^«.)-^(.), 1^^.^,}^. 



H^/; {[+(«). +W + M-jM_ + ^"(.,(8,).l 



dx. 
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To make the term in Su which is of the first order vanish, 
we put 

^^^vTX^^i^ = " ^ constant (10). 

As in the special case of <f> (s) = s, which we have already 
discussed, we see that there may he particular admissible solutions 
of (10) given by J) = and J) = X , as well as the general solution. 
We may put (10) in the form 

^(.)- + C-) + ^-°-^<i±£5 (11); 

therefore, by diiferentlation, 

— (fc'M - c ^p 

■f Wp>V(i+j)') S.' 

ax p dx 

therefore ^(s) = -~ ~ + c, (12). 

The term of the second order in Bu 

taking the general solution (11), this becomes 



i/:{p-(S)'-^*"wwH- 



If -, is of the same Rign as <j>"(s) this term will require 
P 

no transformation ; if -j is not of the same sign as <^" (s) the 
following transformation may be useful: 

J p' \dx) p' dx } dx yp" dxj ' 

Hosted by GOO^^IC 
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and as Sa = Oat the limits, we get 

d fc dhs'' 



so that we have 



Jo p \ax/ Jo ax Vp ax/ 

lave 



equation 


. (12) we 


obtain 




dn I 


c 


dv 




e 


i. 


VL«'+( 


=.-*Mn 


dx 


e,- 


-*(«) 



therefore 

""■^ S^7[o'+ic,-*(.)IT 

From these last two equations we must find x and y in terms 
of s by integration. Thus from the last we obtain ic + c, aa a 
function of s, c and c,, where c^ is another constant, so that we 
may say we have 

s=f{x-\-c^, 0, c.) (13). 

And in like manner we should have 

s^Fiy^c^, c, 0,) (14), 

whore Cj is another constant, 

We havo thus four constants c, c^ c,, c,; these :must be de- 
termined from the four conditions a; = whea-s = 0, a; = a When 
8 has its given length, y=h when s = 0, y = h when s has 
its given length. Tlie equation to the curve would be ;found 
by eliminating s between (13) and (14). Then from ^11) -.we 
could find \ by ascribing any value we please to a. ; ^for. instance, ilf 

we put x=a,y/es see that X is the value of c ^J .vibon x=a, 

P 
and this of course is known since the equation to the curve is 
known and c is known. 
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258. The fonn in which we have left Bu at the end of 
Art. 256 suggests to us to ask if we can apply Jacobi's method 
here. It is obvious that the occurrence of s in the problem of 
Art. 239 renders the problem different from those which merely 
involve y and its differential coefficients for which Jacobi's method 
is specially constructed. 

By (13) we have 

s=f{x + c„ c, c,). 

Now let z stand for j— or for -^- ; then according to the 
principles of Jacobi's method, we see that if s be put for Bs in 



'"(')^-l(?S)=° (1^)- 



the equation is satisfied. At first sight we might also suppose 

ds 
that if the value j- were put for Bs, the equation (15) would be 

satisfied ; so that apparently three forms could be found for Bs ; 
but it is obvious that there cannot be more than two different 
forms, inasmuch ae a linear differential equation of the second 
order can only have two particular forms of solution. And in 
fact, since the quantity c itself occurs in (15) it will be found on 



be a solution of (15). 

It is easj 
(13) we have 



It is easy to verify that -^ is a particular solution; for by 



dc, dx 



put for Ss. 
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Now 



therefore *" « £ " S {p- ^(1 +/) s}' 



^ ' dx dx (p" (/ar J 



thati. ^"(,)_._j_^j--._| (16). 

This gives the required verification. 

Since then we have a particular solution of (15) we can easily 
I the general solution. I 
and use (1 6), thus we obtain 




therefore -j- i j- j -» - 

dx \dx/ p 

Hence f = b, 1^-— ,, where b, is a constant. 
'Jl+ij' 

This shews that the general solution of (15) is 

i>,V(l+/)/|~, + S,V(l+?'), 

where &j is another constant. 

259. The result just obtained is exactly equivalent to what 
we should obtain by the method indicated at the beginning of 
the preceding Article. For denoting by j3, and /3, arbitrary 
constants we expect to find for the general solution 

a ds „ ds 



Now 



f |o. -»MlA . 

■ ■'[«"+(«,-*(»)n*' 
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, ax as f c*ds 



r- we have 



+7' 

rfs 1 da I 



da dc,~ oJ(i+p^-^i'^ cjl - 

And ^ 57 + 1 = 0. 80 tliat 

+ ^j 5- is equivalent to 
ds Cp"dx , ds 



therefore j j- 

aCj c ax. 

dx dg , ^ „ .,. ds ds 
T- + 1 = 0, 80 that J- =e— J- . 

(tC, ClCj (to 

dx- 



We shall find also that 

x?dx 



ds___'i_d8^ f p'dx 
dc e dx Jl +p'" 



BO that -f- ■would differ in form from -,- and -,— , 
dc rfo, oc, 

not furnish a solution of (15). 
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MULTIPLE SOLUTIONS. 



260. We have given numerous examples of discontinuous 
solutions in whicli the discontinuity could be traced to the cir- 
cumstance that some condition or conditions had been imposed 
on the prohlem either explicitly or irapHcitly. Another kind o£ 
discontinuity has also presented itself, which may be considered 
to arise from the circumstance that the fundamental equation 
furnished by the Calculus of Variations has more than ona 
solution. Examples may be seen in Chapters i, vi, ix, and XL 
I will caSl these solutions Multiple Solutions; and will now pro- 
ceed to some remarks on them. 

261. Let V be any function of x and y and the differential 

coefficients of y with respect to x. Let u=\ vdx; and suppose 

we seek for a maximum or minimum of u. We obtain in the 
usual way to the first order 

Su = i, - i. + I"' Mhy dx. 



', + pMSf/d 



where Jl/ denotes a certain function of a; andy, and the differential 
coefficients of y with respect to x ; also i, and i„ are the values 
■when for x we put respectively «, and x^ of a certain function i 
of X, y, and 8^, and of the differential coefficients of y and Sg 
with respect to x. 

16-2 
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To make Bu always = we must have M=0, and also 
ij = and Lj = 0. 

Now suppose that M breaks up into factors, say two factors 
N and P ; and let us enquire if we can use both factors in one 
solution of the same problem. 

For example, suppose that from ic = a^^ to x = ^ we take 
N=0; and then from ic = ^ to a; = a;, take P= 0. 

Then JV=0 must be so taken as to make L = when x=!i:^, 
and /*= must be so taken as to make L — when a; = x^. 
And there will now be a term in Sm which we may denote by 
Jj^ — L^; where L^ denotes what L becomes when we put f for 
X and use the relation N= 0, and L, denotes what L becomes 
when we put f for x and use the relation F = 0. In general, 
then, the coefficients of Sp and the higher variations in L^ and 
i, muet separately vanish, for the St/ will be the same in both, 
but the Sp and the higher variations will not be the same. If 
all the conditions thus arising can he satisfied, the discontinuous 
solution formed from the combination of N=0 and P = is 
admissible ; subject of course to the necessity of ascertaining that 
the term of the second order in Sw is positive for a minimum and 
negative for a maximum. 

262. Although the preceding Article shews very distinctly 
that the kind of discontinuity there contemplated may exist, yet 
good examples of it do not appear to present themselves readily. 
It is easy to construct examples in which the quantity v itself 
has a factor raised to the second power, or to a higher power, 
which will occur in M, and so by being equated to zero may 
furnish part of a solution. For instance, in Art 111, we have 
y* occurring in v, and y in M; and y = is used as part of the 
solution. 

There is one remark of importance with respect to the theory 
of the preceding Article which ought to be made. The differential 
coefficient of the highest order which occurs in M presents itself 
in the first degree; thus of course it will not enter into both 
N and P. Hence one of the two differential equations N= 0, 
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i'^ is of a lower order than M= ; and therefore, by inte- 
grating it we shall not obtain so many arbitrary constants as we 
require to make the term in 8m vanish which is outside the 
integral sign : thus we shall not succeed in obtaining the dis- 
continuous solution except under specially favourable circum- 
stances. It may be observed, that although we appear to save 
one equation of condition from the circumstance that By has hut 
one meaning at the point of discontinuity, yet we have on the 
other hand the condition to satisfy that N=t) and F=0 shall 
give the same value of y at this point. Similarly Sp will have 
but one meaning at the point of discontinuity if we make the 
two curves touch there; [provided we assume that there is no 
break of direction at the point : see Art. 20.] And so on. 

263. There are however cases of multiple solutions of a 
somewhat different kind, which are not devoid of interest; I 
mean such aa those considered in Chapter I. Let us take another 
example resembling that of Art. 15. 

Suppose that {q) = a'q' + -^ ; and let it be required to 
find a curve joining two fixed points for which lif){q)dx is a 
minimum. 

Take the first fixed point for the origin ; and let x, and y, 
be the co-ordinates of the other fixed point. 

Let u= l<f> [q) dx ; the limits being fixed. Then to the first 
order we have 

Su = Sp ^' (5) -By~<i>' (g) + /{^ f (2)} ^y ^^> 

the whole taken between the fixed limits. 

Thus the general solution of the problem is given by 
f (5) = (7,3; -I- (7„ 
■where G^ and C, are constants. 
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Now Bj/ is zero at the limits ; but as Bp is not, it will be 
necessary that <f (g) should vanish at both limits : this leads to 

C,=0 and C,= 0; 
therefore ^' (q) = 0; that is, in thia cane 



Then, in order that the curve may pass through the given 
points, we must have /*^0, and \ must be found from 



The term of the second order in Bu is 

and this is necessarily positive ; so that we have a minimum. 

In fact we have here not only a Tninimum, but we have the 
least possible value of the proposed integral. For 

t X t' /" . &°\' a in 

"2 + -i = I a (C — — 1 + 2a ; 

and this has its least possible value when §■= ± -; and so the 

integral has then its least possible value. 

But it must be observed that we can give discontinuity to 
our solution ; and make it consist of a broken or zigzag path. 
Instead of going along one parabola from the first fixed point 
to the second, we can take arcs of different parabolas, all being 
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given by an equation of the form 



I*, are constanta. It is obvious in fact that we get the same 
value for the integral as before. 

This amount of diseontinuity might indeed have been antici- 
pated; for since w involves only ^, we might have expected 
that ao long as the value of q was numerically unchanged the 
integral would remain unchanged, 

264. Suppose now that we modify the problem by making 
the curve touch given straight lines at both the fixed points. 

In this case Sp is zero at the fixed points; thus we have 
no longer C, = and G, = 0, Hence a solution is to be obtained 
from 

the two constants which are here expressed, and the two more 
which will enter in the value of y in terms of «, must then be 
determined by the conditions that the curve is to pass through 
two iixed points, and touch fixed straight lines at those points. 

This solution will give us a mmimum, but it will not give 
ns the least value of the proposed integral. For we can still 
find a discontinuous solution; we may suppose it composed of 
tJie two parabolas 

B . 

3/= gO^ + Ta;, 

and y-Jf, = ^(ic"-a.*)+^.Ca'-ir,), 

where /3 = ± - , and we may use either value in either equation. 
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That is, we start from the origin on the first parabola, and continue 
on it op to the point where the two parabolas meet ; and then 
we proceed along the second parabola to the second fixed point. 
The constant 7 must be determined so as to make the first 
parabola touch the given straight line at the origin ; and the 
constant X. must be determined so as to make the second parabola 
touch the other given straight line at the second fixed point. 
All the conditions for a minimum are satisfied by this solution ; 
and in fact we see, as before, that it gives ua the least possible 
value of the proposed integral. 

265. It is obvious that a result of a similar kind to that 
in the preceding Article will hold whenever we seek the maximum 
or minimum value of an integral which involves nothing except 

one differential coefficient. For instance, let r stand for -,4- ; 

ax 

required a maximum or minimum of lrf)(r)dx between fixed 

limits. Let u denote the integral ; then to the second order 

Now we do not assert that we must have tj) (r)=0; because 
it is not obviously certain that Br can have either sign consistently 
with such conditions as may be imposed at the limits; but we 
can always try if ^' (r) = will give a solution, K <f>' (r) breaks 
up into factors, we can combine two factors ; say r = a and r = ^ 
are thus deduced. Then from each of these we can get a relation 
between x and y and three arbitrary constants ; thus on the 
whole we have sw; arbitrary constants, which is the number we 
should get from the ordinary continuous solution, namely, from 

-73 <}>' (r) = 0. Thus we can in general make the discontinuous 

solutions satisfy as many conditions as the ordinary continuous 
solution. Compare Art 262. The solution gives a maximupi if 
<f>" {r) be negative, and a minimum if <p" (r) be positive. 

266. There is another way in which it is conceivable that 
discontinuity might occur in problems of the Calculus of Varia- 
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tions. Take the general equation M= of Art. 261, and try 
if we can employ two solutions of it, one with one set of arbitrary 
constants, and the other with another set. Of course the equa^ 
tion M= of Art. 261 will be satisfied whatever be the values 
of the arbitrary constants. But when we consider the term X, 
we shall find that it will in geueral be impossible to satisfy all 
the conditions relating to this term with different sets of arbitrary 
constants. 

267. The remark in the preceding Article, however, must 
not lead us to suppose that we can never make use of a com- 
bination of two solutions of the equation M= 0, which differ 
in the constants involved : the next Chapter will furnish an 
illustration of the possibility of such a combination. In Chapter 
VII. we have also Examples of such combination; take, for in- 
stance, that in Art. 143. And a very instructive case, though 
of somewhat different kind, occurs in Art. 41 : here, in fact, the 

equation M = is satisfied by »■ = 

stant which is zero for one part of the solution, and ^ for another 

part; but instead of shewing that the terms arising from L 
vanish, we shew that they are essentially negative. See also 
Art. 64. 
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AREA BETWEEN A CURVE AND ITS EVOLUTE. 

268. Required a curve connecting two fixed points such that 
the area between the curve, its evolute, and the radii of curvature 
at its extremities may be a minimum. 

This is a well-known problem, which has however hitherto 
been very imperfectly discussed. 

We will suppose the curve to be concave to the axis of x, ao 
that } ie negative. 



J ~q 



the integral being supposed to be taken between fixed limits. 
Then to the second order 

The term of the first order in Su becomes by the usual 
transformation 

-i-JMBifdx, 
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where M stands for 4 -,- ^-^ — ^ + -n - -- ^ ■— : and the whole 
ax q ax q 

expression is to be taken between the limits. 

We must then put if =0. As u involves only p and q we can 
by the ordinary method obtain the second integral of the differ- 
ential equation M=0, namely, 

where C, and {7, are constants. 

Thus l^f_+-^=li = _2. 

Let fi denote the arc of the curve measured from a fixed point, 
p the radius of curvature ; then the last equation gives 

(7*4 



'-+0,' 



= 2p. 



Let (ft be the angle which the tangent to the curve makes 
with the axis of x ; and assume Oj = k sin /3, C^ = h cos /S ; thus 
h 

This is the well-known intrinsic equation to a cycloid ; the 
radius of the generating circle being ^> that is — ' -^ — ^, 

Since the extreme points are supposed fixed, the integrated 
part of the term of the first order in Su reduces to 

If the tangents at the fixed points have given directions, then 
Spj = 0, and 8pg = ; and thus the integrated part of Sw vanishes. 

If the tangents at the fixed points have not given directions 

we must have -= ^-^ equal to zero at the fixed points ; this 

requires that the radius of curvature should vanish at these points, 
and so the cycloid must have cusps at these points. 
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The term of the second order in Su may be put in the form 

/ - 1 {2 (1 +/) (Sp)' + (2p8,, - i±£^ S,)] i, ; 

and since q is negative this term is essentially positive, and so we 
have a minimum, 

269. Let us now consider the result more closely. Take, for 
example, the case in which the directions of the tangents at the 
fixed points are given. Suppose that an arc of a cycloid has been 
found which joins the two fixed points, and has its tangents at 
these points in the given directions, and has no cusp between the 
fixed points. Then this gives a minimum, value of the area under 
consideration ; that is, if we pass from the cycloid to any adjacent 
curve which can be reached by an admissible variation, the area is 
increased. But it does not follow that we have thus obtained the 
least area. In fact by employing a series of arcs of a cycloid, or 
even of arcs of a circle, we may make the area as small as 
we please. 




270. Suppose however that we limit the problem thus : 
required a curve so that the area under consideration may be a 
minimum under the conditions that the directions of the tangents 
at the fixed points are given, that there is to be no abrupt change 
of direction, and that the curve is never to be convex to the 
straight line which joins the fixed points. 

It seems obvious that under these conditions there must he 
Borne curve which gives the least value of the area in question ; 
and that this least value must be greater than zero. We should 
therefore admit that the required curve can be nothing else than 
the single arc of a cycloid. This of course rests oh the assumption 
, that the Calculus of Variations furnishes no other solution I 
that at which we have already arrived. 
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271. Let US proceed to examine whether there is any trace of 
another solution. 

If we put C, = and (7^ = in Art. 268 we have p = ; thus a 
circle of indefinitely amall radius may be considered a kind of 
solution. This may be employed in a certain case. 

Suppose that the given directions of the tangents at the fised 
points A and B make obtuse angles with the straight line AB. 



\ 



We may consider the solution to consist of arcs of circles of infini- 
tesimal radius at A and £ joined on to a cycloid at the cusps. 
Thus the amount of the area is the same as if the angles at A 
and B had been given to be right angles, or as if there had been 
no condition as to these angles. 

272. Let us now examine if there is any multiple solution of 
the kind noticed in Chapter 3Ii. 

We have to the first order 



Bu = Jhy + KBj) + imydx, 



and if has the value given in Art. 268. 

Thus if the solution could l>e composed of two arcs of cycloids 

it would be necessary that at the common point p, g, and -j* should 

have respectively the same value for each arc. It remains to 
ascertain whether this is f 
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Take two different cycloids ; select any point on one of 
them; then find the point on the other -where the radius of 
curvature is of the same value as at the selected point on the first 
cycloid. Let the two cycloids be placed so that they may have a 
common tangent at the point where the radius of curvature has 
the same value for both. Thus we secure that p and q have the 
same value for the two arcs at the common point ; but vire have 

,'k, 

two arcs which is necessary. 

For one cycloid let a^ be the radius of the generating circle, p^ 
the radius of curvature, 5, the arc measured from the vertex, i^, the 
angle between the direction of p^ and that of the normal at the 
vertex ; then p, = 4a., cos ^,. With a similar notation for the 
other cycloid we have p^=^a^cQ^^^. Now since there is a common 
value of p and a common value of q at the common point, there 

will also be a common value of —- provided ■fi= -p. This 
dx ■" as, as. 



s to 



'ds' 



and since by supposition p^ = p^ we have 4a, sin i^, = ia^ sin ^^ if 
p, and Pj are different from zero. Thus if p, and p^ are different 
from zero, we must have a, sin ^, = a^ sin i^^ as well as 

Kj cos 0, = fflj cos 0j ; 
so that we get a, = a, and if>, = ^^; thus our two cycloids really 
coincide. 

But if we suppose 0i= „ and ^^ = 5 we have p^ and p, each 

zero ; and two different cycloids meeting at a cusp, and having a 
common tangent there present themselves. 

Thus let AG he an arc of one cycloid, and BC oi another, 
C being a cusp in each, and the arcs having a common tangent 
at G; then the conditions of the problem are satisfied by ACB, 
provided the tangents at A and B have the right directions. 
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It is not necessary that a, should be equal to a^ t so that AO 
and CB may not only be different cycloids, but generated by 
different circles. 




This result is of course subject to any suspicion which may arise 
from the fact that q is infinite at (J; but as q only occurs in 
the denominators of our expressions the difficulty does not seem 
serious. Indeed this is not peculiar to our discontinuous solution, 
but occurs in the ordinary solution, as in Art, 268, inasmuch as q 
is infinite at the cusp at which we there arrived. 

273. As a simple application of the preceding investigationa 
suppose that the tangents at A and 5 are to be at right angles 
to AB. Then one solution is supphed by a cycloid having euspfl 
at A and B, as in Art, 268. Another solution is supplied accord- 
ing to Art. 272 by two half cycloids having vertices at A and B 
and joined at a cusp at C, where they must have a common tangent: 
the two half cycloids in this case are generated by the same circle. 
Each solution seems to give a minimum ; the area in the former 
is however less than the area in the latter : though it may indeed 
be said that part of the area in the latter case is reckoned twice. 

274. Let us now proceed to impose conditions. For example, 
suppose that a certain given point is not to fall outside the curve. 
Of course it may happen that the solution already obtained is still 
applicable ; this will be the case if the given point is not too far 
from AB. Or it may happen that of the two solutions of Art. 273 
the latter is applicable but not the former. We should in most 
cases however have to seek another solution. The required curve 
will then pass through the given point ; and we must be prepared 
for discontinuity there. 

Corresponding to the term K^ we now get (ASp), - (A%j)„ 
where the subscript 2 refers to the end of one arc and the sub- 
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script 3 to the beginniog of the other arc, at the common point. 
We shall not ensure that this vanishes unless we have 2pj = Bp^, 
and K^ = Kg. [The former condition implies that we have im- 
posed the restriction that there is to be no abrupt change of 
direction.] Thus the two arcs must touch at the common point. 
Then the latter condition requires that the radius of curvature 
should be the same for the two arcs at the common point. 

The integrated part of the variation thus reduces to 

{JSS),-(JS!,).. 

Since hy^ = iy^, p^=p,, and yg=5'si this becomes 

The first factor may have indifferently 2 or 3 for subscript. 

Of course if we could have l^ ) = [-S 1 this term would vanish ; 

but by supposition we cannot in general satisfy this additional 
condition. Since Sy is necessarily positive at the point we only 

require that {-^ 1 — i'J-] shall be positive ; and then the term 

will he positive, so that we shall have a minimum. Thus there 
will in general be discontinuity at the point which is not to be 
excluded by the solution ; we shall have two arcs of cycloids which 
meet at the point, have a common tangent there, and a common 
value of the radius of curvature. 

275. Let us now add the condition to the problem that the 
required curve is never to go beyond the boundary defined by 
some given curve. 

We are certain that the required solution can be composed of 
nothing but an arc or arcs of a cycloid, and a part or parts of the 
given curve. 

Of course if an arc of a cycloid can be obtained which falls 
entirely within the given boundaiy that arc is the solution. Sup- 
pose however that this is not the case. Let the value of the ex- 
pression denoted by M'\a Art. 268 be found for the given curve^ 
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25r 



If through any part of the given curve Mis negative that part is 
available for our purpose ; and the solution may consist of that 
part combined with an arc or arcs of a cycloid. For the value 

of JMBydx will be zero for the cycloidal part, and it will be 

positive for the part of the given c\irve, unless indeed Sy be zero 
throughout this part. 

At the point or points of junction of the given curve with the 
cycloids the values of p and q must be the same for the given 
curve and for the cycloid, in order that the terms corresponding 
to KSp may vanish, as in Art. 274 : and from considering the 
terms corresponding to JBi/ we draw an inference in the manner of 
that Article. 

276. It is obvious however that even if M is negative for 
part of the given curve it may be impossible to satisfy all the 
other conditions which, as we have just seen, must hold in order 
that this pai-t may contribute to the required solution. It Mia 
positive throughout the given curve no part of that curve is avail- 
able towards the solution. Thus we have still to find the solution 
applicable to such cases. 

The subject will be sufficiently illustrated by taking a simple 
instance. Suppose then that the required curve is never to pass 
beyond a straight line ; if this straight line is sufficiently near to 
the straight line AB, the solutions already given become inap- 
plicable. 

The foDowiug appears to be the solution. If the directions 
of the tangents at A and B are not given we must have cusps 




there ; A C and BG are arcs of cycloids, which meet and have the 
given straight line for a common tangent at some point 0. The 

17 
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area must hare a common value for the radiua of curvature at C. 
Also a condition must be satisfied relative to the term JZy, of the 
kind considered in Art. 274. 

If the directions of the tangents at A and B are given, we 
may still employ this solution provided the tangents are to make 
with AB angles which are not less than those obtained in this 
solution ; for we may suppose that arcs of a circle of infinitesimal 
radius are supplied at A and B. But if the solution cannot be 
employed we must abandon the condition of having cusps at A 
and B, and use instead that of the given directions for the tan- 
geats of the arcs. 



, Google 



CHAPTER XIV. 



MISCELLANEOUS OBSERVATIONS. 



277. I PROPOSE in this Chapter to discuss some topics which 
are connected more or leas closely with our general subject, or 
with the problems which we have given to illustrate it. 

278. The problem which I have discussed in Chapter v. ia 
also considered in the work on the Calculus of Variations by 
Moigno and Lindelof; see their page 224- : these writers advert 
to the discontinuous solutions which had been proposed, and pro- 
nounce them not completely satisfactory. The substance of their 

remarks is the following : the integral 1 y V(l +p'^ dx will be in 

part negative, if wo allow y to be negative ; and the negative part 
and the positive part may each become as large as we please, and 

hence we ought not to be surprised that | y^dx has no maximum. 

Even if we admit that the remarks of Moigno and Lindelof furpish 
some explanation of the apparent failure of the ordinary theory in 
this example, yet they do not in any degree discourage us from 
attempting to solve the problem with the condition annexed that 
y shall he always positive: indeed it might be said that this con- 
dition would naturally be understood if not explicitly stated. But 
even if the condition that y shall be always positive, instead of 
heing naturally suggested, were arbitrarily imposed, there would 
be sufficient interest in the problem to justify the discussion of it. 

17—2 
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The history of mathematics shews that much may be gained by 
"striving gainst self-imposed difficulties;" see Be Morgan's pre- 
face to Ramchundra's Treatise on Problems of Maxima and 
Minima : and I hope that the present researches will furnish at 
least some hints for the extension and improvement of the Cal- 
culus of Variations. 

279. There is one point connected with the term of the second 
order in a variation which might naturally cause a difficulty, and 
which should therefore be noticed. It will be found from ex- 
amples that the term of the second order in a variation may 
appear in a more or less simple form aocording as we take one 
or the other of the variables for the independent variable. It 
might at first be supposed that the two forms ought to be ab- 
Bolutely equivalent ; such however is not the case. To take a 
simple example ; let 

change y into y + S^, then 

8m = 2 1 1/Si/dx + I {Bi/ydx. 
Now take ^ for the independent variable instead of x, and so 
put u in the form jV(?y, where ot stands for - - . Change x 
into X + Zx, then 



=/y 



y'Bx- 



2Jy; 



Thus while in the former value of Bu there is a term of the 
second order, as well as a term of the first order, in the latter 
value of Su there is no term of the second order. 

280. In general let v denote any function of x, y, and the 

differential coefficients of y with respect to x. Let v. = I vdx. 

Change y into y 4- Sy, and let the part of 8w which is of the first 
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order, and which remains under the integral sign after the usual 
transformation, be denoted by I Mhydx. Now take y for the 

independent variable instead of x. Change x into x + S3;, and let 
the part of Sm which is of the first order, and which remaioa 
under the integral sign after the usual transformation, be denoted 
by JNSxdy. Then it is known that ir=-il/"; this result was 

obtained at a very early date in the history of the subject : see 
Todhunter's History of the Calculus of Variations, page 64. 

Still we cannot say that the term of the first order in the one 
case is equal to the term of the first order in the other case ; the 
terms differ in general by a term of the second order. 

A geometrical illustration will make the matter clear. Sup- 
pose that the variation By is always assigned by the relation 

/Cy + Sy, a:)-0 (1), 

BO that y + Sy ia always the ordinate of a certain curve corre- 
sponding to the abscissa x. Then if we wish the same curve to 
be obtained by variation in the second case, as in the first, the 
variation Sx must be assigned by the relation 

f{y,x + Bx) = a (2). 

From (1) and (2) we deduce 

gy = -^Sa! + <u (3), 

where to is of the order of squares and products of By and 8a;, 

Then from (3) it follows, as we have stated, that I NZxdy 

and I MBydx will in general differ by a quantity of the second 

order. 

In like manner the term of the second order in one form of 
Bu will differ from the term of the second order in the other form 
of Su, the difference may be of the second order, as we see by the 
simple example of Art. 279 ; and in fact the difference will be in 
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I of the second order because I NBxdy and i M^ydx differ 
by a term of the second order. ■ 

281. The parts of the terms of the first order which occur 
free from the sign of integration in the two forms of hu are con- 
nected, though not in bo simple a manner, as the parts which 
remain under the integral sign. Suppose that w ia a function of 
X, y, f, q. Let Y stand for j- , F^ f or ^ , and Y^ for t- ; and 

let accents above the letters denote complete differential coeffi- 
cients with respect to x. Then we know that if we change y 
into 1/ + %, we have to the first order 



hu=UY- r;+ Yl')^dx 



both parts being taken between limits. Now, as we have seen, 

where o> is of the second order ; so that to the first order we 
have 

Sy = —pSx, and 8p = — gSa; - p^fe, 

where Sor is equivalent to —j—. Substituting we have to the 
first order 

8w = - [ ( r - r; + r;') p^xdx 

-[p{Y,- f;) + q F,] Bx - Y^p'B^. 

Thus if V were expressed in terras of y, x, and the differential 
coefficients of x with respect to y, and then x changed into x + Sx, 
the coefficients of Sx and &ct in the part of Su which is free from 
the integral sign will be equal to the corresponding coefficients 
just expressed. 

For an example of the different forms in which the term of the 
second order in a variation may appear, we can take the brachis- 
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tochrone problem. Put « = I ■ ■ j^ ■- ; then the term of the 



second order in 8m takes the form 






• 3(1 +?■)* , s.,y y»Sy (»)■ 1 

j,l(l+y.)* yi(l+p')Sj 



Now take y for the independent variable instead of x ; then 
Vy 



* becomes 1^^-^^- — , ■ -^'^ ; and the term of the second order in 
J Vy 



hu 13 



1 fisj/f! 
2Jr(i+'" 



282. Suppose we wish to find a maximum or minimum of 

\x iy) {p)^'> this is substantially the same problem as that in 

Art. 1C3; but it may be useful to give the necessary fonuulsB 
explicitly. 

Denote the integral by u ; then to the second order 

^" = j {x' ^y) * (p) ^y^x {y) 4-' ip) ^Pj ^^ 
+ 1 j{{Syy X {y) ^ ip) + ^^ySp % iy) 0' (p) + (Bpf xiy) np)] ^^- 

The term of the first order is to be transformed in the usual 
way, and the part under the integral sign made to vanish : thus 
we get 

x(2/)l0Ci')-i'f (i')}=aconstant (1). 

Also we have 

- 1 ji^yf ix iy)p4>' ip) + X (y) 'f>" ip) 2I ^' 
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SO that the terra of the second order in Sw becomes 

I i^y)' X (y) i>' ip) + 1 JW X iy) <l>" (?) ^'^ 

+ 1 /(Sy)' Ix (5') [<* (p) - P'i>' (p)] - X iy) r (p) 5l ^■ 

Sometimes we may be able to determiflc the sign of the term 
of the second order in Bu from the expression just obtained. 

If the constant in (1) is zero we must have p constant, whether 
we take x iy) = 0, or {p) —p<f>' (p) = ; so that 2 = 0, and this 
effects a great simplification in the term of the second order. If 
we take <f>{p) ~p<i>'(p) =0 the whole of the second line in the 
last expression for the term of the second order in Su vanishes. 

If equation (1) is to hold for any value of i/ which makes % (y) 
vanish, the constant must in general be zero. 

Let us now consider the application of Jacobi's method to the 
term of the second order in 8u in this case. Denote the constant 
in (1) by c,. From this equation y is some function of p and 
Cj, say 

y-fip,',) (2). 

1 ■yCy.o.) , 



J p ' jp 



•-dp. 



say x = F(,p,c,) + c^ (3). 

From (2) and (3) by eliminating p we obtain an equation 
between x, y, c^ and e,. We require to know the values of 

dy. , 



From (2) and (3) 



= M-^^^P- 
dc, dp dc, ' 



- 4f + ^ # 

rfc, dp dc,' 
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-^^' 



dc dc, dc ' 



Again from (2) and (3) 

dj/ _ df dp 
dcj dp dc^' 

dp dCj 
therefore ,"= — «. 

Now -j- is to be obtained from (2) supposing p constant ; or n 
may if we please obtain it from (1) which is equivalent to (2), 



Thus 



Xiy) dc, c,' 



and therefore ^ = -^^, . 

Thus the quantity which was denoted by z in the account of 
Jacobi'a method in Art. 24 becomes 

b.x (^) ^ dcj '^ 
where B, and B^ are constants. 

This is as far as we can carry the general process, because we 
cannot express -5- while x {y) remains quite general. 

As an example suppose x iy) = y' ; 
therefore, by {1), V = \-n—y — ' ■ .,, - , ^ . 
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Thus we get x = c^d {p) + c^, where {p) denotea some 
function of p which does not contain c, explicitly. Here then 
dF _ x — c^ 
(fc, «c, ' 

and 3 becomes — ^ (y —p{x — c^] — B,p. 

Hence the same interpretation with respect to the tangents at 
the extreme points of tlie curve which we may suppose to be 
required holds as in the case of n — 1: see Art. 29. And the 
reason is obvious ; for by changing the constant we have in this 
case y=c-^ (p), where c is a constant, and i/r (p) ia some function 
of p. 

283. An important remark must be made with respect to 
relative maxima and minima which, so far as I know, is not to be 
found in treatises on the subject. 

Suppose we require that I udx shall be a maximum while 
I vdx is constant : then according to the usual theory we seek 
the maximum of I (u+av) dx where a is a constant. 

Now when we come to the term of the second order in 
6 I (w + av) dx, it ia quite conceivable that we may find it is not 
certainly negative ; and thus we infer correctly that I {u -V av) dx 
is not a maximum. Eut still it may be quite possible that ( udx 
may be a maximum : for the variations are really limited by the 
condition that ) vdx is constant, and to this condition we pay no 
1 when we merely consider the term of the second order 



Q I (« + av) dx. 



This remark ia necessary in order to anticipate an objection 
■which might be brought against some of our results. 
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For instance in Art, 96 we proposed a solution for a certain 
problem. 




Let AEDFB be the boundary of the solution there 
Suppose that the dotted boundary is obtained by giving an in- 
finitesimal increment to the constant e of the investigation. Then 

there would not be a minimum of I [23/Vn-_p'-~^) i^a:, because 

it is possible to draw between H and K a curve infinite si mally 
close to ffD£" satisfying the same differential equation. See the 
reasoning in Case ii. of Art. 24. 

Nevertheless this does not shew that the surface is not a 
minimum for a given volume : it is obvious that the curve here 
obtained by variation does not satisfy the condition of generating 
the same volume as the original curve. The volume is in fact 
increased by taking the dotted curve between H and K instead 
of the other curve. 

I use the preceding only for illustration, so that it is not 
absolutely necessary for me to shew that such a line as the dotted 
line can be drawn. Nevertheless I think the following considera- 
tions will shew that such a line can be drawn. In the diagram 
of Art. 96 suppose a to remain constant, and e to receive a small 
increment. Then AE and i)C increase, and AB decreases. Also 
the increase of AE bears a finite ratio to the decrease oi AB; 
this shews that the varied place of E is within AEDFB, as I have 
drawn it. 

Then the dotted line having crossed the other keeps above 
it up to 2) ; this we see by the argument of Art. 97. Then by 
symmetry the dotted line crosses the other again at a point E 
which corresponds to ff. 
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284. The Calailua of Variations is mucb stronger in its nega- 
tive results than in its positive results, that is to say, we learn 
from it rather when a given expression has not a maximum or a 
minimum value than when it has. 



Suppose that we have to find the 



or minimum o 



I vdx ; denote this hy u : then we obtain in the usual way 
[i/dx; 



+ lMh,jd. 



then we say that there can be no maximum or minimum, if hj he 
unrestricted, except when M='d; for if M. is not = we can make 
Sw positive or negative at our pleasure hy taking 8^ suitably. 
But of course this does not ensure a maximum or a minimum 
without examining the term of the second order in 8m. 

There is, strictly speaking, only one case in which a perfectly 
definite result can be obtained, namely, when we know beforehand 
that there must be a maximum or that there must be a minimum. 
Take the case of the brachistochrone between fixed points; then 
the argument is as follows : we feel certain that there must be 
a line or lines of descent such that no other line of descent can be 
fallen through in less time ; but if M is not zero the time of descent 
can be made less ; therefore no curve can be the brachistochrone 
except a curve which satisfies the equation J/ = and passes 
through the fixed points ; thus we feel certain that a curve must 
exist satisfying these conditions, and that it is the curve we 
require. 

When this argument is put briefly it ia often put inaccurately 
thus ; we are sure that there can be no maximum in this case, 
and therefore the result must give a minimum. This is inaccurate, 
because we are not sure beforehand that there is no maximum in 
the technical sense of the word maximum ; we see that the time 
of descent can be made as great as we please by suitably adjusting 
the line of descent, but this does not justify us in asserting that 
there can be no maximum. 

But further ; suppose that we examine the term of the second 
order in a variation. If we find, for instance, that this term is 
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eseeDtially positive, we can safely affirm that the relation which 
makes the term of the first order in the variation vanish does not 
give a maximum. But if we assert that the relation does give 
a minimum, we must bear in mind that this means a minimum 
with respect to admissible variations. Take for example the 
brachistochrone between fixed points. Suppose we draw close to 
the cycloid, which we obtain by making the terra of the first order 
in the variation vanish, a line in the form of a series of indefi- 
nitely small steps, as in the diagram of Art. 205. Then tlio fact 
that the term of the second order in the variation is positive does 
not shew that the time down the cycloid is less than the time 
down the discontinuous figure, for our investigation is not appli- 
cable to such a variation as would be required in passing from the 
cycloid to the discontinuous figure: in such a passage Sp would 
not be always indefinitely small Of course it might be possible 
to give some special investigation for such a case, but certainly 
the case is not included in the ordinary methods of the Calculus of 
Variations. 

When we assert then that a certain cycloid is the curve of 
quickest descent between two given points, the statement depends 
mainly on the fact that we feel certain beforehand that there is 
some curve which has the required property. 

Similar remarks apply to other problems; so that we can- 
not by the aid of the Calculus of Variations assert that we 
have the least or the greatest value of a proposed integral unless 
we are certain beforehand that such a least or such a j 
value necessarily exists. 



285, There is still another consideration. Suppose that we 
are examining a certain curve to see if it possesses a prescribed 
maximum property. It may happen that at a certain point of the 
curve p is infinite ; the obstacle that thus arises in the use of the 
ordinary formulte of the Calculus of Variations may prevent us 
from drawing the positive conclusion that there is a maximum : 
but such an obstacle may not prevent us from safely afiirming that 
there is not a maximum. For we may of course apply the 
ordinary formulas to such parts of the curve as have p finite ; and 
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if the fundamental equation ^=0 does not hold throughout such 
parts we are sure tliere is not a maximum. But if this equation 
does hold for the whole curve, and if the terra of the second order 
in the variation is esaentially negative, wo cannot rely on our 
investigation so far as to assert that there is a maximum on 
account of the occurrence of the infinite value of p. 

Similar remarks apply if any of the other quantities which 
occur become negative. 

Take for example the brachistochrone between fixed points. 
If we make x the independent variable, x being measured horizon- 
tally, we have for the term of the second order in the variation 
the value given in Art. 281. But this is not trustworthy, for we 

have to vary - and p which are both infinite at the starting point. 

If we make y the independent variable we have for the term of 
the second order the other value given in Art, 281 ; and this may 
be accepted without hesitation so long as ot is not infinite, that is, 
BO long as we do not have to pass through the vertex of the cycloid 
in order to reach the second given point. 

286. I have often spoken of the results which have been 
obtained as maxima or minima with respect to admissible varia- 
tions. I will give another problem to illustrate this point. 

A particle is to descend from one fixed point to another in a 
vertical plane, constrained by a smooth curve which is convex 

downwards : reqmred the curve so that the integral \Pdt taken 

during the time of motion may be a minimum, where F denotes 
the pressure on the curve at the time (. Thus we may say that 
we require the whole pressure to be a minimum. 

Take the highest point as the origin, and the axis of a: 
vertically downwards ; let v denote the velocity, p the radius of 
curvature, at the point [x, y) ; and let s denote the arc described 
up to this point. 

Then i*=- + <7^, and v = J^. 
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Thus the integral = ({t + g^V'j dt 

Put u for \[ , a + 4- ) tZj; ; theii we require tlie minimum 
of ». 

By the usual theory we must have 

daiyx (1+rt") "^da? 1+p" ' 
therefore #- ^. + *'"i'^'' - J- = C 

where is a constant ; thus 

that ia g = - n /^ / {!)■ 

The term of the first order in Zv. which is free from the 

integral sign reduces to — ^ ■ -f , since the limits are fixed. ThJa 

vanishes at the origin ; to make it vanish at the second point 
we must have p infinite there, that is, the tangent must be hori- 
zontal. And if C6 be the value of x at the lowest point, we get 

Thus 



(I) 



.<&/ ^a-^x '^'' 



from this y must be found in terms of x. 

Now let us examine the term of the second order in Zu ; this 
term ia 

f( 2(3y'-l);Va!(8p)' W£^l . 



, Google 



272 MISCELLANEOUS OBSERVATIONS. 

the part outside the integral sign vanishes at the limits. Thus 
the term of the second order in Bu reduces to 



/ 



ITTW^^''- 



This is essentially positive ; so that we may conclude that we 
have a minimum, subject of course to any doubt which may be 
produced by the occurreuce of an infinite value of p. We may 
however safely assert that we have a minimum with respect to 
all admissible variations, with the condition that the tangent is 
to be always horizontal at the second point ; for this condition 
makes Sp = when p is infinite, and so removes the difficulty 
which would otherwise exist. 

But though the result obtained may be a minimum it does 
not give the least value of the proposed integral. For it is easy 
to see that if we pass from the curve determined by (2) to a step- 
shaped figure like that in Art. 205, the value of the integral is 
diminished. For by this transition we leave the element g — un- 
changed, and we change the element — to zero : and thus we 
diminish the integral. 

In fact the least value will be given by a discontinuous solu- 
tion. The equation (1) admits of ^ = and j3 = oo as particular 
solutions. And the least value of the integral will be obtained 
by taking the portion of the axis of x from a; = to a; = o, and 
then a portion of the straight line x = a up to the lower given 
point. That is, the required line is made up of two straight lines 
at right angles to each other. 
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That this discontinuo^is solution is really a minimum may be 
shewn thus : There must be some Hue which gives the least value 
to the whoie pressure ; this line must be a solution of (1) ; and 
the only solutions of (1) are the general solution given by (2), and 
the particular solutions p = and p = oo , It ia obvious that the 
general solution (2) produces a curve which is always convex 
downwards ; and the discontinuous solution gives a less result 
than any curve which is convex downwards for two reasons : first, 

the element — 



; and secondly, the element <—^, that is, 






i replaced by the smaller element 






The condition that the curve is always to be convex down- 
wards has been adopted to render the problem simple and definite. 
If this condition be not attached we may have P changing sign in 
the course of the integration. Moreover P would vanish through- 
out any arc of the parabola which the particle might freely de- 
scribe under the action of gravity. 

287. It may be useful to notice the formula which we obtain 
when we generalise the preceding problem. 



=/f3*Cp)V^('») + PXWl'*^ 



Then for a maximum or 



value of u we must h 



tfi (p) -^'i^) — x{x) = a, constant. 
The term of the second order in Su reduces to 

I i,'{p) t (x) {Spy - I \i.'{p) f\a:} (Srf- 

the whole taken between the limita. 



288. In the problem discussed in Chapter V. I arrived at the 
result that no valid objection could be brought from Jaeobi's 
method against the conclusion that a minimum value of the sur- 
face had been obtained, I shall now make some more remarks 
respecting the application of Jaeobi's method to such problems, 

IS 
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When tbe value of y is fixed at the limits, we know by the 
investigation of Art. 23 that the term of the second order in the 
variation can be put in the form 

where x^, and x^ denote the limiting values of x. 

Separate the integral into two parts, one extending from x^ 
to ^, and the other from f to a;,. Consider the former part ; put 
8u s= tz, where z is such that 



dx 



(«£)-■ 



In the second part of the integral put ty = rf, where ^ also 
satisfies the same differential equation aa z does. The two solu- 
tions z and f are of couree not necessarily the same ; they may 
differ by taking different values of the arbitrary constants which 
will occur. 

By thus separating the integi-al into two parts we shall find 
that the above term of the second order in the variation becomes 

The terms under the integral signs are positive if Q is posi- 
tive. The term outside the integral sign becomes by substitution 

tlatis, le(i-|)(Sj).; 

this assumes that there is no discontinuity at the point for which 
a: = f, so that hp may have only one value at that point. 
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If then we can secure that Q( % j is positive at this poiat, 

we are sure tbat the whole term of the second order in the varia^ 
tion will be positive. 

Similarly we might proceed, if we wished to separate the in- 
tegral into more than two parts. Now let us apply this process 
to the problem of Chapter v. 

We shall separate the integral which represents the term of 
the second order in the variation into three parts. From the 




point A to some point between P and D we shall use the trans- 
formation Sy = (z; and for s.we shall take C^p, where 0, is a 
constant. Then from the point thus reached to a second point 
between I) and Q we shall use the transformation Sy=Tf; and 
for 5: we shall take C'^pv, where (7, is a constant, and v is the same 
as in Art. 103. And from the second point to B we shall use the 
transformation Si/ = tz; and for 3 we shall take O^p, where C^ is 
a constant. These transformations are legitimate ; for^ does not 
vanish, except at D ; and the points between P and Q may be so 
taken that v does not vanish between them. Let ^^ denote the 
abscissa of the point taken between P and B, and let |j denote 
the abscissa of the point taken between D and Q ; then the term 
of the second order in the variation consists of parts under the 
integral sign, which are positive, since Q is positive, together with 
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therefore 5:-L' = to!)!. 

Thus, using the suffix 1 to apply to a value when x^f,, 
and the suffix 2 to apply to a value when x=^ ^^, "we find that 
the term of the second order in the variation 

where the integral extends over the whole range; from a;=|^, to 
a! = f, we take r}=pD, and for the remainder of the integral we 
take '>}=p. 

The part which is under the integral sign is positive ; but the 
other part is negative ; for we have in fact implied that v, is 
negative and that n, is positive. Thus we cannot assert that the 
whole expression is always positive. Nevertheless, it is obvious 
that we might in many cases conclude that the expression is 
positive. 

We know that Sy must vanish and change sign in the course 
of the integration ; see Art. 103. If 5i/ vanishes twice within the 
range which includes the values Vj and v^, we may suppose these 
Talues to correspond to the cases ; so that By, — 0, and By^~^', 
Mid then the expression is necessarily positiva 



[We may give another illustration of the process, 
that as p passes from its greatest value to zero v diminishes from 
the piwitive value \ to zero, then becomes negative and passes 
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from zero to negative infinity ; when p changes sign v changes 
sign also ; see Art. 103, 

Let — fi, denote a negative value of v, and suppose jj, numeri- 
cally greater than X. 

Let us separate the integral into two parts, one extending 
from the initial value of a: up to the value which makes v 
equal to ~ fi, and the other from this value of a; to the final 
value. 

In the first part of the integral we use the transformation 
Sj = te, where z = (7, p (1 + mv) ; and in the second part of the in- 
tegral we use the transformation Sy = t£ where ^= C^p (1 + nv). 

It mil be possible to give such values to the constants m and 
n, as to ensure that 1 + mv does not vanish mthin the first part 
of the integral, and that 1 + wu does not vanish within the second 
part of the integral. Eor these conditions will be satisfied if we 

take m positive and less than - , and n positive and between 



- and - , 



f \1 + mv 1+ nvj dx 



q+pV 



(l + mv) (l+nvj 2ayp' 
and we find that the term of the second order in the variation 



Q a + p')i (gy)' ^_^tlolP^-'L^,A dx, 



4a (1 +mv) (1 +nv) yp' 



1-|/«(S!>- 



where the term free from the integral sign is to have the value 
corresponding to the value ~ fi oi v. In the term under the 
integral sign we take Ti=p{l+mv) for the first part of the 
integral, and i} = p (1 + nv) ioT the second part. 

The part which is outside the integral sign is negative. For 
n - m 18 positive, 1 - m/t is positive, and 1 - n/i is negative. 
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We see then that if 5^ vaniahea for any point for which the 
value of V is numerically greater than X we may take — /* to 
correspond to this point; and then the term of the second order 
in the variation reduces to the positive part which is under the 
integral sign. 

The value of Q is — — — s in the present' problem; and 

{1+fT 

by putting this value for Q some of the expressions wUl be 
simplified.] 
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